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Abstract

Researchers now routinely use Al or other machine learning methods to estimate latent
variables of economic interest, then plug-in the estimates as covariates in a regression.
We show both theoretically and empirically that naively treating AI/ML-generated
variables as “data” leads to biased estimates and invalid inference. To restore valid
inference, we propose two methods: (1) an explicit bias correction with bias-corrected
confidence intervals, and (2) joint estimation of the regression parameters and latent
variables. We illustrate these ideas through applications involving label imputation,
dimensionality reduction, and index construction via classification and aggregation.
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1 Introduction

Economists now routinely use artificial intelligence (AI) or machine learning (ML) algorithms
to generate new variables. These technologies are used to quantify unstructured data such
as text and images, to measure subtle concepts like uncertainty and sentiment, and to create
new data sets of variables that were previously too costly, labor-intensive, or otherwise
infeasible to collect.

The variables generated by Al and ML algorithms are rarely of interest in themselves,
but rather are used in econometric models to address questions of cause and effect, produce
forecasts, or estimate counterfactuals. In pioneering work, Baker et al. (2016) quantifies
economic policy uncertainty from news text and uses it as a covariate in regressions and vector
autoregressions (VARs). In more recent examples, Magnolfi et al. (2025) measures product
differentiation from survey data and Compiani et al. (2025) measures product substitutability
with text and images from online platforms. Both papers then use the derived measures in
demand models. Gorodnichenko et al. (2023) measures tone-of-voice from audio recordings
of central bank press conferences, then runs predictive regressions of financial variables on
tone. Gabaix et al. (2023) imputes firm characteristics from investor holdings data and
uses them to explain asset returns. Einav et al. (2024) measures patient health status from
surveys then uses it in an econometric model of nursing home value added. Vafa et al. (2023)
measures labor market experience from CVs and uses it to study the gender wage gap.

In standard practice, Al- or ML-generated variables are treated as regular numerical
data when estimating and performing inference in downstream econometric models. We
refer to this as the two-step strategy: variables are generated in the first step, then used as
covariates in the second step. While a pragmatic initial approach, the two-step strategy has
largely unknown statistical properties. One natural concern is that estimators are biased due
to measurement error in the AI/ML-generated variables. Another is that inference suffers
from a generated regressor problem (Pagan 1984). Conversely, results in the time-series
literature suggest that plugging in estimated variables need not lead to inference problems
(Stock and Watson 2002, Bernanke et al. 2005, Bai and Ng 2006). Without a coherent
framework for analyzing the problem, it is difficult to assess which of these perspectives is
correct. More generally, characterizing the statistical guarantees—or lack thereof—of the
two-step strategy is an important step in developing reliable inference methods for working
with variables generated by AI or ML, an area that is still very much in its infancy.

This paper makes two main contributions. First, we show formally that the two-step
strategy can lead to invalid inference on downstream regression parameters, even in modern

settings where high-performance algorithms are deployed on large data sets. Second, more



constructively, we propose two methods for valid inference: (i) bias-corrected confidence
intervals, and (ii) joint estimation of the regression coefficients and latent variables. We
document the performance of the methods in several empirical settings.

We consider a downstream regression where the outcome variable Y; depends on vectors
of latent variables 8; and observed variables q;. For each observation, the researcher also has
an unstructured or high-dimensional data set x; for estimating 8,. To accommodate many
scenarios, we stay agnostic on the form that x; takes. For instance, it may be a sequence of
words with textual data, an array of RGB values with image data, or a sequence of amplitudes
with audio data. One scenario is label imputation, where 6; is a vector of binary labels (e.g.,
race or gender indicators). In this case, x; (e.g., images) is used as an input to a classifier
which produces predicted values a Another scenario is dimensionality reduction, in which
a low-dimensional representation (or embedding) 0; of x; is generated with an unsupervised
learning model, as in Hansen et al. (2018), Bybee et al. (2024), and Ash et al. (2025) to name
a few. A third scenario is index construction. For example, x; could be a set of texts (e.g.,
articles, paragraphs, or sentences) which are individually classified as containing positive or
negative sentiment, then aggregated and normalized to produce a sentiment score @i, as in
Baker et al. (2016), Caldara and Iacoviello (2022), and Gorodnichenko et al. (2023).

In the two-step strategy, the researcher first computes an estimate 0; of O; from x; for
each observation, then regresses Y; on 0; and qi, and reports point estimates and confidence
intervals using standard OLS methods (i.e., treating 0; as regular numeric data). Depending
on the context, one may wish to do inference on the coefficients of the latent or observed
variables. In either case, the key question is whether this approach leads to valid inference.

To this end, we introduce an asymptotic framework in which the magnitude of the mea-
surement error and sampling uncertainty remain comparable as the sample size increases.
This framework delivers tractable approximations to the finite-sample distribution faced in
practice, in which both sources of error play a role.! It also captures the prevailing trend of
analyzing increasingly large data sets with increasingly accurate algorithms.

In this framework, we derive two new results about the two-step strategy. First, the
asymptotic distribution of OLS estimators has a first-order bias due to measurement error.
The bias is increasing in the scale of measurement error relative to sampling uncertainty in
the downstream model. Second, the asymptotic variance of the OLS estimator is the same
as if Y; were regressed on the true 8; and q;. Moreover, OLS standard errors are consistent.

As a result, two-step confidence intervals have the correct width but incorrect centering,

LOur use of sequences of DGPs to better approximate the finite-sample behavior of estimators has a
precedent in a number of contexts in economics. See, e.g., Phillips (1987), Chesher (1991), Staiger and Stock
(1997), and Hahn and Kuersteiner (2002).



making them invalid for inference. This differs from a generated regressor problem, where the
variance is inflated but there is no location shift. To the extent that the empirical economics
literature acknowledges the two-step strategy might be a problem, concerns typically focus
on standard errors. Our analysis shows these concerns are misplaced: the primary issue is
bias, not incorrect standard errors.

For the case of imputed labels, the potential for AI/ML-generated variables to bias down-
stream estimators has been flagged in recent work, mainly in data science and political sci-
ence. See Fong and Tyler (2021), Allon et al. (2023), Angelopoulos et al. (2023a,b), Zhang
et al. (2023), Zrnic and Candes (2024) Miao and Lu (2024), Kluger et al. (2025) and Sanford
et al. (2025) for general ML-generated variables, and Egami et al. (2023, 2024) and Ludwig
et al. (2025) for variables generated by large language models.? These works demonstrate
the inconsistency of OLS estimators in settings where the magnitude of measurement error
remains fixed as the sample size increases. However, this asymptotic framework isn’t neces-
sarily appropriate in modern use cases, where high-quality algorithms are deployed on large
data sets. Our analysis provides a new set of results for such cases.

Furthermore, these works propose bias corrections that require a validation sample in
which both the true 6; and its AI/ML-generated estimate 0; are observed alongside (Y, q;).?
The idea is to use the validation data to estimate bias, then bias-correct estimates from the
main sample in which only 0; is available. Such an approach is possible when the researcher
can, albeit at some cost, scrutinize x; and assign a ground-truth ;. But in that case one
could simply estimate the model on the validation data alone: the AI/ML-generated data
is only useful insofar as it may help improve efficiency. More problematically, 6; is latent in
most economic use cases—for instance, one never observes true policy uncertainty, risk, or
sentiment—so validation data is unavailable and these existing methods are inapplicable.

Our first inference approach is based on bias correction, but unlike existing approaches
it does not require validation data. Instead, we rely on our theoretical results, which charac-
terize the first-order asymptotic bias of OLS estimators and establish consistency of two-step
standard errors. This allows us to perform an analytical bias correction, then re-center the
usual confidence intervals at the bias-corrected estimator to perform valid inference. Our
bias corrections are general and widely applicable. We specialize them to AI/ML-generated
binary labels and dimension reduction. For the former, bias-correction can be performed
without validation data provided one has a measure of the classifier’s expected false-positive

rate.® For the latter, bias correction can be performed using the estimated low-dimensional

2There is also recent work in economics that considers the complementary problem of imputed dependent
variables as opposed to imputed covariates; see Rambachan et al. (2025) and Modarressi et al. (2025).

3This approach is related to an older literature on estimation with auxiliary data (Chen et al. 2008).

4The expected false-positive rate may be estimated from a validation sample, but it may also be available



representation.

It is important to note that the measurement error in AI/ML generated variables may be
“nonclassical” (i.e., correlated with the true latent ;). This makes it difficult for researchers
to know even the sign of the bias ex ante: there may be attenuation or amplification. Indeed,
Section 6.3 shows that bias can be positive or negative in the case of index construction.
Nonclassical measurement error is also much more difficult to correct for than classical mea-
surement error, requiring specialized methods—see, e.g., Schennach (2022) for a discussion.

Our bias corrections are convenient to apply, but they may not be available for all types of
AT or ML algorithms. They also rely on the magnitudes of measurement error and sampling
uncertainty being comparable. To perform inference without validation data in settings
where this is not the case, we introduce a second approach based on joint maximum likelihood
estimation of the models for latent variable estimation and regression. In this approach, the
model linking x; with the latent 6; is analogous to an “observation equation” in state-
space models. This requires some more careful modeling of how 8; and x; are related, but
we demonstrate its feasibility with three distinct and non-exhaustive applications: AI/ML
generated binary labels, dimension reduction, and AI/ML generated indices.

While joint estimation is straightforward in theory, it presents a computational challenge
due to the large number of latent 8; that must be integrated out of the likelihood. To address
this, we use Hamiltonian Monte Carlo, a Markov Chain Monte Carlo algorithm that uses
information on the gradient of a distribution to sample from it. Implementation is greatly
simplified with the use of modern probabilistic programming languages: one simply specifies
the likelihood in code, which is then “automatically” compiled to perform sampling.’®

We introduce three applications to illustrate the theoretical results. The first illustrates
label imputation. Hansen et al. (2023) uses a Large Language Model to classify each job
posting in the Lightcast dataset as offering remote work or not. These imputed labels can
be merged with other posting-level metadata to study the causes and consequence of remote
work adoption. We focus on the relationship between wage inequality and remote work by
regressing the posted wage on the remote indicator and controls. The classifier achieves a
high test-set accuracy of 99%, so one might expect that measurement error is inconsequential.
But our theory shows that the important quantity is measurement error relative to sampling

uncertainty, and the Lightcast dataset has hundreds of millions of individual observations.

externally. To give a recent example, Bursztyn et al. (2024) uses a ML algorithm to classify charitable donors’
names by ethnicity. They estimate the accuracy of the classifier using an external sample of North Carolina
voter registration data which contains self-reported ethnicity (but not data on donations or other controls).

5Previous papers that have performed inference using the joint likelihood approach with unstructured
data include Gentzkow et al. (2019), Ruiz et al. (2020), and Munro and Ng (2022). These typically require
custom code to estimate, which makes adapting the model difficult for non-specialists.
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We show via a case study that bias correction and joint estimation both estimate notably
stronger effects of remote work on posted wages than the two-step strategy.

The second application illustrates regressors derived from dimension-reduction algorithms.
Bandiera et al. (2020) conducts a time-use survey to document behavioral differences among
CEOs and their impact on firm performance. The authors use latent Dirichlet allocation
(Blei et al. 2003)—a factor model for discrete data—to represent CEO time-use behavior in
a low-dimensional space. This representation is then included as a covariate along with other
firm controls in a sales regression. We replicate this two-step strategy and find the estimated
impact of behavior on performance aligns with estimates obtained via bias correction and the
joint estimation strategy. Our theory predicts this will hold when measurement error is low
compared to sampling uncertainty. We then re-estimate the model using a 10% subsample of
time units for each CEO to scale-up measurement error. Here we find the two-step strategy
produces insignificant behavioral effects, while both corrections produce significant effects.

The third application illustrates index construction via classification and aggregation.
Central bank communication has become a major research and policy topic over the past
decade, and linking market reactions to communication often involves quantifying the latter
from unstructured data. We replicate the hawkish sentiment measure from Gorodnichenko
et al. (2023) which classifies individual paragraphs of FOMC statements as hawkish or dovish.
Paragraphs are then aggregated to form a meeting-level share which proxies continuous,
latent sentiment. Following the two-step strategy, we regress the path factor (Giirkaynak
et al. 2005)—a measure of movement in the long end of the yield curve—on sentiment and
find weakly positive effects. With joint estimation, however, the estimated effect size and
R? are both nearly three times larger, which shows the value of our correction for prediction
as well as for inference.

Finally, in simulation exercises calibrated to the empirical applications, we find that the
two-step strategy performs poorly—in terms of bias in estimated coefficients and coverage
of confidence intervals—relative to both bias correction and joint estimation. This provides
further evidence that measurement error distorts inference in the two-step strategy, while
our corrections reduce bias and restore valid inference even in challenging empirical settings.

Our overall message is that the increasingly common practice of using regressors generated
by AT or ML can lead to invalid inference, but practical solutions exist. We view our proposed
bias correction and joint estimation approaches as robust, widely applicable starting points
for empirical analysis. For instance, an emerging line of research uses text-derived sentiment
indices as inputs into forecasting models. Our analysis can be extended to show how errors
in these indices lead to biased forecasts, while our solutions can improve the performance of

these forecasting methods. Likewise, the industrial organization literature increasingly uses



embedded representations of firms and products to model market behavior and demand.
Our solutions can be adapted to these settings as well. Going forward, it is important to
establish which algorithms and econometric models are most susceptible to measurement
error and associated inference problems. More generally, inference problems arising from the
use of AI/ML-generated variables should more widely recognized in order to fully harness
the potential of AI/ML methods in empirical economics.

The rest of the paper proceeds as follows. Section 2 provides a simple setting illustrating
why the two-step strategy leads to biased inference and how our proposed solutions can help.
Section 3 introduces the more general framework and presents three empirical applications.
Sections 4 and 5 present, respectively, the main theoretical analysis of the two-step strategy

and the proposed solutions. Section 6 presents simulation results and Section 7 concludes.

2 A Simple Example

This section presents a simple model to illustrate how the two-step strategy leads to biased

inference, and how our proposed methods can restore valid inference.

2.1 Model

The model is loosely based on Baker et al. (2016). Suppose we are interested in the effect
of 6; (policy uncertainty in month i) on Y; (employment or investment, say, in month i + 1)
in the regression model

Y, =a+0; +¢;. (1)

Policy uncertainty is a nebulous concept that is difficult to precisely define let alone observe.
Baker et al. (2016) forms EPU indices from monthly counts of articles in ten newspapers
containing certain terms, which they convert to an index. Evidently there is measurement
error due to the sampling of articles: one could change the set of newspapers surveyed and

obtain a quantitatively different (but related) measure.® To capture this, consider
X; ~ Binomial(C;, 6;), (2)

where C; is the number of articles sampled in month i, X; is the number of these that relate
to uncertainty, and 6; is true policy uncertainty. We observe X;, Y;, and C; but not ;. One
can estimate 0; using 0; = X;/C;, as done by Baker et al. (2016, p. 1599).

SMisclassification of articles is a second source of measurement error. We sidestep this for now for sake
of exposition, but account for it in later sections.



2.2 Problem with the Two-Step Strategy

In this example, the two-step strategy computes the OLS estimate 4 from regressing Y; on
éi, then performs standard OLS inference for ~. This approach ignores the fact that 0; is a
noisy estimate of #;, potentially leading to biased estimates and invalid inference.

We use asymptotics to tractably approximate the finite-sample problem faced by the
researcher, where 4 is computed from (Y;, X;, C;)™ ;. Both measurement error and sampling
error affect the properties of 4 in finite samples. We therefore consider a sequence of popu-
lations indexed by the sample size n, where the distribution of (Y;, X;, 6;) conditional on C;

is fixed but the distribution of C; is changing with n so that

\/ﬁxE{é} S ke [0,00). (3)
i

In this sequence of DGPs, the variance of éi, which is proportional to C; ', is of the same
order of magnitude as sampling uncertainty. The parameter x controls the relative impor-
tance of measurement error, with larger values of k giving relatively greater importance to
measurement error. Working with this sequence of DGPs therefore allows us to gain insights
about how 4 behaves when both measurement and sampling error are present.

Under suitable regularity conditions (see Theorem 1), one can show that

V(i =) —a N <_I€7E[0i(1 —0;)] E[e}(6; — E[@W]) 7

Var(0;) Var(6;)?
S &6~ 0, E[H6: — E[6])?) (4)
Z?:l(éi —0,)2 b Var(6;)? ’

where 6,, is the sample mean of él and ¢€; is the OLS residual. The first result shows 7 is
asymptotically normally distributed with the same variance as if Y; was regressed on the
true latent 6;, but with a centering that differs from zero when x > 0. The second result
shows OLS standard errors are consistent, irrespective of k. Taken together, these results
imply that two-step confidence intervals (given by 4 £ 1.96 times the OLS standard error)
have the correct width, but incorrect centering whenever > 0. Moreover, the asymptotic

bias of 4, and therefore the degree of under-coverage of two-step Cls, is increasing in .



2.3 Proposed Solutions
2.3.1 Bias Correction

Our first proposed solution is a straightforward bias correction. This approach simply con-
structs an estimate of the bias and adds it back to the two-step estimator 4. The bias

correction follows easily from (4), so the bias corrected estimator 4% is

S 0,01 —6;
,?bc: <1+i22—1 A( _ ))r%

\/ﬁ Zi:1(9i - gn)z

where & = \/Lﬁ Yoy C;'. Bias corrected confidence intervals are then simply 4% + 1.96

times the OLS standard error. See Theorem 4 for a formal justification for this approach.

2.3.2 Joint Estimation

A second approach is joint maximum likelihood estimation of (1) and (2). This approach
treats (2) analogously to an observation equation in a state-space model, with 6; as a latent
variable.

We start by assuming the error terms in (1) have probability density function o' f(g/o).
Combining with (2), this yields the likelihood

Y, —a—10;

o

f(Y5, X5|Cy, 055 (7, @, 0)) o éf ( ) (0,5 (1 — 9,)C:.

Since 6; is latent we proceed in the spirit of random effects and assume 6; is drawn from a
distribution with probability density function g on [0,1].” Note that the effect of this prior
will be dominated by the data as C; becomes large. We then integrate out 6; to produce a

likelihood in terms of the observed data:
1
P XICi (1,0,0)) = [ F(Y X[ 03 (. 0,0))g(6,) d.
0

We estimate v by maximizing the log-likelihood

LN((/% a, U)) = Zlog f(Y;v Xz|Cw (77 a, g))

=1

Inference is performed using standard asymptotics for maximum likelihood estimators.

"One can easily allow the distribution of #; to depend on covariates, as in correlated random effects. We
suppress this for now, but adopt such an approach in the empirical applications.



3 General Setup and Applications

In the general model, we wish to estimate and perform inference on the parameters v and

a of the linear regression model
Y, =76, + a'qi + ¢, (5)

where 6; is now extended to be a vector of latent variables of interest, q; is a vector of
observed quantitative variables, and E [¢,(0;,q;)] = 0. For each observation i we also have
unstructured or high-dimensional data x;, from which an estimate é, of 8; can be derived.
Thus, the researcher’s dataset is a random sample (Y}, q;, x;);. The parameter « is typically
the key object of interest, but in some cases (e.g., Avivi 2024) a may be the focus, with 8;
serving as a control variable derived from unstructured data.

The dominant two-step strategy can be summarized as follows:
(i) Compute estimates 6; of ; for all observations i = 1,...,n.

(ii) Regress Y; on 0; and q;. Compute standard errors and confidence intervals, treating

the ; as if they are regular numeric data.

Evidently there is a measurement error problem: the estimates 0, are proxies for the true
latent covariates @; in (5). Step (i) overlooks this issue and treats the estimates 6; as
regular numeric data. This raises the possibility that two-step estimators of v and « are
biased. Moreover, conventional standard errors and confidence intervals do not account
for the additional variation arising from using 0; instead of 0;, raising the possibility of
a generated regressors problem. To understand the forces at play, in Section 4 we shall
analyze the two-step strategy and formally demonstrate why it can lead to biased estimates

and inference. Many specific cases can be captured by this setup. We consider three here.®

Application 1: AI/ML-Generated Labels. FEconomists now routinely use Al or ML
methods to impute missing covariates. A leading use case involves regressions of an outcome
Y; on a latent binary variable ; (e.g., indicating positive/negative sentiment of a news
article or racial group membership) and observed controls q;.° Examples include Goldsmith-
Pinkham and Shue (2023), Adams-Prassl et al. (2023), Argyle et al. (2025), and Wu and
Yang (2024). Unstructured data x; (e.g., article text or voter registration data) is often used

to predict 6; using a classification algorithm. The two-step strategy entails first generating

8The previous version of the paper considers further extensions, for example regression onto similarity
measures between vector representations of unstructured data.
9We present the case of scalar 8; in the main text and defer the case of multiple categories to Appendix B.



a prediction QAZ of #; then regressing Y; on éz and q;. Here the source of measurement error is
misclassification: 6; may differ from 6; for some observations. Although sophisticated modern
classifiers have low error rates, they are often used to impute missing observations for large
data sets. As a result, measurement error from misclassification may be non-negligible

relative to sampling error in the downstream regression, invalidating two-step inference.

Application 2: Topic Models. A large empirical literature uses topic models to reduce
the dimension of unstructured data. Examples include Hansen et al. (2018), Mueller and
Rauh (2018), Larsen and Thorsrud (2019), Thorsrud (2020), Adams et al. (2021), Bybee
et al. (2024), and Ash et al. (2025) with text, Draca and Schwarz (2021), and Munro and Ng
(2022) with survey data, and Nimczik (2017) and Olivella et al. (2021) with network data.

Here x; = (xm)}/:l is a V-dimensional vector of feature counts, with x;; counting the
number of times feature j appears in observation ¢. For instance, in text applications, x; ;
counts the number of times word j appears in document 7. The vector x; follows a Multino-
mial distribution with a factor structure. There are K < V distributions B, ...,8x € AV,
the (V' — 1)-dimensional simplex. Each 8y represents a common factor (or “topic”). Each
observation i is characterized by a latent vector w; € AX~!. The elements w;  of w;
represent the weight of 3, in generating x;. The count probabilities for observation ¢ are
pi = Zszl Brw;x = BTw;, where BT = [3,, ..., Bk]. Combining these elements yields

x;|(Cy, w;) ~ Multinomial(C;, BTwi), (6)

where C; = ZZ:1 x;, is the total feature count for observation 7. Finally, the sub-vector 6;
of w; collects the topic weights for inclusion in the regression.

In the two-step approach, B and (6;)!_; are estimated using Latent Dirichlet Allocation
(Blei et al. 2003, LDA) or more recent methods (e.g., Bing et al. (2020), Wu et al. (2023),
Ke and Wang (2022)), then Y; is regressed on 6; and q;. The source of measurement error
is sampling error in the estimated topic weights (éi)?zl, which is proportional to C;'. The

quantity E[C; '] controls the overall rate of measurement error.

Application 3: AI/ML-Generated Indices. A third use case involves constructing
indices by classification and aggregation. For instance, Baker et al. (2016) constructs policy
uncertainty indices by first classifying news articles based on whether they relate to policy
uncertainty, and then aggregating the results over time into monthly or quarterly indices.
See also Caldara and lacoviello (2022) and Gorodnichenko et al. (2023), among others.
Extending the simple example of Section 2, let C; denote the number of articles to be

classified in month ¢, and let N; represent the number of articles classified as pertaining

10



to policy uncertainty. The quantity 6, = N; /C; is a natural measure of the true latent
uncertainty 6; € [0, 1], where §; = 0 indicates no uncertainty and §; = 1 indicates maximal
uncertainty. As each individual article classification may be subject to some error, there are
now two sources of measurement error: misclassification error and sampling uncertainty (the
set of articles are a sample from the broader corpus of news). Both can be accounted for
using a topic model. Suppose the misclassification rates are constant across observations.
Then n; = (N;, C; — N;)T follows the distribution in (6), with

BT:[ 51 ﬁo ]7 wi:[ 0; ]7
(1=p1) (1-5) 1-0;

where (3; is the probability that an article relating to uncertainty is correctly classified, and

Bo is the probability that an article not relating to uncertainty is misclassified.

As in the simple example in Section 2, we consider two strategies to correct bias and
restore valid inference. The first strategy involves bias-corrected estimators and confidence
sets, which we formally develop and provide theoretical justification for in Section 5.1. The
second is joint estimation, the implementation details of which are discussed in Section 5.2.
In the remainder of the section, we illustrate the problems with two-step estimation—and
how the proposed solutions fix them—across three applications drawn from diverse empirical

literatures. Each application corresponds to one of the examples above.

3.1 Remote Work and Wage Inequality

Since the COVID-19 pandemic, the incidence of remote work has risen remarkably (Barrero
et al. 2021, Aksoy et al. 2022). But much of the evidence on remote work comes from surveys
which are limited in sample size. This makes tracking the evolution of remote work across
narrow geographies and firms infeasible. Hansen et al. (2023) instead develops a dataset
(available at https://wfhmap. com/) that measures remote work from a vast corpus of online
job postings provided by Lightcast. Each job posting contains metadata on occupation, firm,
location, job title, and the posted wage, and a textual description of the job. Hansen et al.
(2023) uses the posting text to impute a binary label indicating whether or not the posting
offers remote work. The authors collect human labels from Amazon Mechanical Turk for
a sample of postings and use them to fine-tune DistilBERT (Sanh et al. 2020), a Large
Language Model. The classifier achieves high overall accuracy in a held-out test set (98%-
99%). The authors then impute a remote work label for every posting in the corpus.

The data can be used to answer numerous questions about the causes and consequences

of remote work. One important question is the degree of wage inequality in remote work
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Table 1: Estimates of Impact of Remote Work on Posted Wages (San Diego, NAICS 72)

Controls Estimation Strategy
Two-Step Bias Correction Joint
Nome 0.648 1.052 0.563
[0.600, 0.697]  [0.778, 1.327] [0.532, 0.595]
0.364 0.641 0.448

SOCZ elfects 1395, 0.406]  [0.446, 0.836]  [0.415, 0.480)

Note: Point estimates and 95% confidence intervals for the slope coefficient in a regression of posted
log salary on a binary remote work indicator, with and without occupation fixed effects at the SOC2
level. The sample consists of 16,315 job postings for 2022 and 2023 with “San Diego, CA” recorded as
the city and “72” recorded as the NAICS2 industry code of the advertising firm.

arrangements, which the data has previously been used to study (Lambert et al. 2023). To
explore this issue, we use regression (5) taking Y; as the log of the advertised wage for posting
i.'9 Here 6; € {0,1} is a latent indicator of whether posting i offers remote work. The two-
step approach replaces the latent ; with the predicted label 6, € {0,1} from the classifier.
Given the remote work classifier achieves high test-set accuracy, one may believe that such
classification error is unlikely to affect inference meaningfully in this application. However,
what matters is not measurement error per se but its magnitude relative to sampling error.
In regressions with a large number of observations, sampling error is potentially small enough
that even small classification errors can distort inference.

To illustrate the impact of classification error, we begin by organizing the data into
NAICS2 industry x city cells for all job postings in 2022 and 2023 in the United States. These
years coincide with peak post-pandemic incidence of remote work. Our theory in Section 4
shows in which situations classification error is likely to produce the largest distortions, and
we use it to select for case study NAICS 72 industry (Accommodation and Food Services)
postings in San Diego. After removing internships and observations with missing salary data,
there are 16,315 observations. The first column of Table 1 contains two-step estimates of ~.
In the initial regression model, we include no controls and find an estimated 65 log point
effect on wages of remote work. Since this may in part reflect occupation composition, we
next include SOC2 fixed effects in q;, which reduces the estimated v to 36 log points.

The positive association between remote work and posted wages is consistent with the
descriptive evidence in Lambert et al. (2023). Nevertheless, its strength may be distorted
in the two-step approach. A key quantity governing the bias is the expected false positive

rate (FPR), which can be estimated by reading a random sample of postings and counting

0We form the advertised wage by averaging the salary_from and salary_to fields in the Lightcast data.
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the number that were mis-classified as positive. In this example, we took a random sample
of 1000 postings, read the 26 that were classified as positive, and found nine were classified
incorrectly, so the expected FPR is 0.009. Despite the small FPR, bias correction produces
much larger effects: with no controls, the effect increases by 62% (to 105 log points) and,
with controls, by 76% (to 64 log points).!! In many economic applications of Al and ML
methods, classification accuracy is well below its level here. Finding large effects even in this
setting shows that classification error can be of first-order importance.

In addition, we formulate a joint model over 6;, 9}, and Y;. While this produces a
smaller estimated v without controls, in the preferred specification with occupation effects we
continue to find a larger effect that falls outside the two-step confidence intervals. One reason
why joint estimation and bias correction may not coincide is that human labels themselves
may not represent the ground truth even in the best-designed audit. For example, the 2025
Economic Report of the President (Council of Economic Advisers 2025) discusses strengths
and weaknesses of the Hansen et al. (2023) database and points out that not every posting

will explicitly mention remote work even when the firm in practice offers it.!?

3.2 CEO Time Use and Firm Performance

The role of CEOs in shaping firm performance is important for many academic and policy
debates, but until recently little data existed on what CEOs do with their time. To fill this
evidence gap, Bandiera et al. (2020) collects and analyzes survey data on CEO time use in
a sample of manufacturing firms. The paper describes salient differences in executive time
use and relates those differences to firm and CEO characteristics and firm outcomes.

The survey consists of five questions with categorical responses: (Q1) the type of activity
(meeting, public event, etc.); (Q2) duration of activity (15m, 30m, etc.); (Q3) whether the
activity is planned or unplanned; (Q4) the number of participants in the activity; (Q5) the
functions of the participants in the activity (HR, finance, suppliers, etc.). Survey responses
are recorded for each 15-minute interval of a given week, e.g. Monday 8am-8:15am, Monday
8:15am-8:30am, and so forth. The sample consists of 916 CEOs.

The data are modeled as a topic model, with V' = 654 answer combinations observed

across the five questions, and z;; denoting the number of times combination j appears in

! Bias-corrected confidence intervals are wider to account for the uncertainty in the estimated FPR.
12The relevant passage is

Job openings data can also shed light on whether remote work is here to stay. While the
information can be murky—given that not every hybrid or remote job advertises itself as such,
and the tendency to mention remote work in job postings may change over time—examining
recent trends is useful (Council of Economic Advisers 2025).
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Table 2: Estimates of Impact of CEO Behavior on Firm Performance

Sample Estimation Strategy
Two-Step Bias Correction Joint
Full 0.405 0.474 0.402
[0.224, 0.585] [0.294, 0.655]  [0.240, 0.603]
0.227 1.054 0.439

10% Subsample (033 0.492)  [0.789, 1.319]  [0.153, 0.711]

Note: The first row presents point estimates and 95% confidence intervals for a regression of log sales on
the CEO behavior index from the replication data of Bandiera et al. (2020). The second row presents
estimates and confidence intervals using a 10% subsample of time use responses per CEO.

the diary of CEO ¢. The authors reduce the dimensionality of the feature space using LDA
with ' = 2 topics. The estimated ,@1 places relatively higher mass on features associated
with “management” like visiting production sites and one-on-one meetings with employees
or suppliers, while [‘32 places relatively higher mass on features associated with “leadership”
like communicating with other C-suite executives and holding large, multi-function meetings.
The leadership weight 6;—which the authors call a “behavior index”—is thus a measure of
the tendency of CEO i to engage in leadership activities. Bandiera et al. (2020) regress
log sales on 0; and firm controls, finding a positive association between leadership and firm
performance. The paper’s use of the two-step strategy may, however, lead to invalid inference.

To explore this possibility, we first replicate the authors’ two-step strategy, estimating
6; by LDA/ then regressing the log sales of each CEQO’s firm on f; and controls g; including
log employment, country fixed effects, and survey-wave fixed effects. Results reported in
Table 2 show that, according to the two-step approach, moving from a CEO who only
spends time in management to one who only spends time in leadership is associated with
a 40 log point increase in sales. What’s more, neither bias correction nor joint estimation
shifts the estimated effect size by a large amount. This shows that bias is not an inevitable
part of using AT/ML-generated variables, but rather depends on the empirical setting.

One reason why measurement error is less important here lies in the x expression (3) for
the simple model. While not directly applicable here as the topic model structure is more
complex, it still allows one to qualitatively compare sampling error (reflected by y/n) and
measurement error (reflected by E [C;']). The empirical analogue of this expression is 0.44.
In other words, there are a relatively large number of survey responses per CEO compared
to the number of surveyed CEOs, meaning the measurement error in f; is small relative to
sampling error. To increase measurement error, we take a random 10% subsample of survey

responses for each CEO, which can be thought of as observing half a day of behavior rather
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than a five-day workweek. The two-step approach now estimates a smaller insignificant effect,

while both bias correction and joint estimation continue to estimate a significant effect.

3.3 Central Bank Communication

Public communication is an increasingly important tool for central banks (Blinder et al. 2008,
Blinder 2018) and disentangling its effects is an ongoing research challenge. Communication
events are often accompanied by rich, unstructured data like the content of speeches and press
conferences, which require some quantification prior to econometric analysis. To illustrate
this, we consider market reactions to FOMC policy announcements. Using high-frequency
yield curve movements around FOMC announcements, Giirkaynak et al. (2005) extracts
separate “target” and “path” factors which account for large shares of observed variation in
short- and long-run yields, respectively. One view is that policy rate news drives short rates
(i.e., the target factor) while communication in the form of written statements drives long
rates (i.e., the path factor) by shifting expectations of future actions.

To test this, we estimate (5) with ¥; as the path factor for FOMC meeting i (as updated
in Acosta et al. 2024), 0; as the hawkish sentiment of the FOMC written statement, and
q; as a constant and the shadow short rate (Wu and Xia 2016), which accounts for policy
variation during the zero-lower-bound period. The sample period is Feb 1995 through June
2023, during which 200 FOMC meetings take place.®

Of course, hawkish sentiment 6; is latent. To estimate it, we replicate the approach
of Gorodnichenko et al. (2023) which uses classification and aggregation to build a senti-
ment index.'* Gorodnichenko et al. (2023) provides 1,243 sentences with human labels from
FOMC statements from 1997 through 2010. Each sentence assigned to one of three mutually
exclusive categories: hawkish (243 sentences), dovish (511), or neutral (489). We split the
sentences into 1,118 training observations and 125 test observations and fine-tune BERT
(Devlin et al. 2019)—a well-known Large Language Model—on the training data for label
prediction.'> We assign each sentence in the test data to its most likely class based on the
trained model and obtain test-set accuracy of 0.85, slightly higher than in the original paper
(0.81). We then predict a label for all paragraphs from FOMC statements in our sample.!®

13The sample is determined by the availability of the path factor and shadow short rate data.

Gorodnichenko et al. (2023) studies the market impact of the tone of voice of FOMC Chairs during
post-meeting press conferences, and uses the hawkish sentiment of the written statement as a control.

15More precisely, we fine tune bert-base-uncased via the Hugging Face library in Python.

6Here we follow Gorodnichenko et al. (2023) and classify individual paragraphs in the full sample although
BERT is trained on human-labeled sentences. The optimal level of document granularity for classification
prior to aggregation is an open question. Gorodnichenko et al. (2023) classifies individual paragraphs of
FOMC press conferences in addition to FOMC statements, but press conferences only began in 2011 where
statements have been released since the mid-1990s.
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Figure 1: Time Series of FOMC Statement Sentiment

Note: The left panel plots two-step sentiment 6;. The right panel plots standardized series for 6; and
estimated sentiment from the joint model. The sample period covers 200 FOMC meetings from Feb
1995 through June 2023.
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Table 3: Impact of FOMC Statement Sentiment on Longer-Term Yields

Estimation Strategy

Two-Step Joint

Sentiment (6;) 0.038 0.114
[0.005, 0.071]  [0.027, 0.198]

Policy Rate (g¢;) -0.004 -0.003
[-0.013, 0.004] [-0.011, 0.004]

o 0.009
[0.001, 0.026]

A 0.676
[0.585, 0.768]

R? 0.0425 0.1429

Note: The first column reports point estimates and 95% confidence intervals using the two-step ap-
proach for estimating the relationship between hawkish sentiment in FOMC statements and the path
factor of Giirkaynak et al. (2005) updated by Acosta et al. (2024). The second column reports results
from joint estimation.

The overall sentiment measure for FOMC meeting ¢ is él = N;/C; where C; is the number
of sentences classified as hawkish or dovish, and N; is the number classified as hawkish.
Figure 1a shows the evolution of this measure over the sample period.

The first column of Table 3 contains the results of two-step estimation. There is some
evidence consistent with communication rather than policy driving the path factor. The
coefficient on 6; is positive and significant while that on the policy rate is essentially zero.
At the same, the effect is somewhat weak. The standard deviation of the path factor in the
sample is 0.103, so the estimated 4 implies a one-third standard deviation effect of ; moving
from 0 to 1. The regression also has a low R2.

We do not develop a bias correction for index construction.’” We do however implement
joint estimation. The second column of Table 3 shows the results. The effect size on sentiment
nearly triples, as does the R? value. Confidence intervals are a little wider using this method,
as it accounts for the fact that some FOMC announcements are relatively short, making
their corresponding #; values difficult to infer. Figure 1b shows that estimated sentiment
from the two approaches co-move strongly, but estimated sentiment from the joint model

is smoother.’® In short, we find results consistent with measurement error in the two-step

7Qur bias corrections are valid provided measurement error and sampling error are comparable. The
relatively short length of FOMC announcements and large misclassification errors we report below suggests
measurement error may be sizable in this case. Joint estimation remains valid in such settings.

18While the joint approach is based on maximizing the integrated likelihood, our inference algorithm is
based on sampling from the posterior distribution over #; and regression parameters. Sentiment from the
joint model is the average value of 6; draws.
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sentiment estimate which weakens the estimated market reaction to FOMC statements.

These results also have implications for the large literature that regresses outcomes on
sentiment. Shapiro et al. (2022) compares a variety of classifiers for predicting human la-
bels for news article sentiment, including BERT, and reports substantial error even for the
highest-performing methods (see Tables 1-3 in the paper). Approaches like ours can restore
valid inference in such settings.

Table 3 also shows estimates of 5, and 31, and shows the latter is well below that implied
by the classifier. Economic theory predicts that the difference between realized and expected
hawkishness is the relevant object for generating market reactions, whereas the human labels
only classify realized hawkishness. While a full analysis is outside the scope of the paper,
joint estimation in principle allows Sy and 5; to adjust to account for this broader notion of

misclassification.

4 Why Two-Step Inference is Biased

The empirical applications show that measurement error in AI/ML-generated variables can
bias inference in a variety of settings. Each application has a particular algorithm for esti-
mating 0; that differs in important respects: supervised vs unsupervised learning, whether 0,
is the aggregation of multiple or single classified documents, and so forth. Further varieties
are also common in the literature. To better understand the biases arising from measurement
error and how to fix them, we begin by abstracting away from algorithmic-specific details
of how 0; is estimated. This allows us to develop a general, broadly applicable framework,

which we then tailor to some specific use cases.

4.1 Theory for the Two-Step Strategy

We first introduce some notation. Let

o q; i

The OLS estimator of ¥ in the two-step strategy is given by

-1
. 1 < o n 1 < .

P =

The OLS estimators 4 and & of v and « are the upper and lower blocks of {b
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We use asymptotic theory to derive tractable approximations to the finite-sample dis-
tribution of 17) Both measurement error in 6; and downstream sampling error determine
the finite-sample distribution. To ensure that asymptotics deliver a useful approximation,
we adopt a framework in which both sources of error remain present as the sample size n
becomes large. We do so be allowing the precision of 0; to increase with n at an appropriate
rate. Formally, we consider a sequence of populations in which the distribution of (Y, 6;,q;)

is held fixed and the conditional distribution of éz given (Y;, 0;,q;) varies with n, so that

\/_Za T kQ (8)

as n — oo, where 2 is a finite non-random matrix and k is a non-negative constant. The
constant k represents the relative magnitudes of measurement error and sampling error. The
matrix €2 is related to the variance of measurement error in settings where the error in 0; is
“classical”. However, condition (8) also allows for “non-classical” measurement error, which
is needed to accommodate a number of important use cases—including imputed categorical
labels (Aigner 1973). We show below that (8) holds for AI/ML-generated labels and topic
models and derive expressions for x and €2, illustrating how x links measurement error in 0,
to the sample size.

We view this asymptotic framework as appropriate for approximating modern use cases
where high-performance algorithms are deployed on large data sets.'® While it is not meant
to be taken literally, a heuristic interpretation is that it captures the prevailing trend whereby
increasingly large datasets are analyzed by increasingly accurate algorithms.

Having introduced the asymptotic framework, we now introduce the assumptions. We
first present a general “high-level” set of assumptions, then verify them below within the
context of the running examples. In what follows, notions of convergence in probability and
distribution should be understood as holding along this sequence of populations satisfying
condition (8). Let & =Y; — {pTéZ Throughout, we let 0 denote a matrix or vector of zeros

whose dimension is determined by the context.
Assumption 1. (i) E[H&HQ] < 00, E[H&EZW] < 00, andE[SE-T} has full rank.
(i) 130, 6,87 =, E[&€7 |, 5 300, 046:—0)" —, k2, and £ 31,6, —6,)al —, 0

as n — Q.

(iti) o= >0, &iei —a N(0,E[e2¢,€]7]) and L1307 €2¢,€7 —, E[e2¢,€]] as n — oo

19Tn such scenarios, conventional measurement error frameworks in which the size of the measurement
error remains fixed seem inappropriate, since measurement error bias eventually dominates and estimators
are inconsistent. For completeness, we provide a set of results for this case in Appendix B.
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Assumption 1(i) is standard. Assumption 1(ii) can be verified using appropriate laws of
large numbers. The first part of Assumption 1(iii) imposes a standard CLT condition while
the second part is only used to establish consistency of standard errors. We focus on the case
where the data are independent and identically distributed to simplify exposition, though
this can be relaxed and the results can easily be extended to general types of dependence.

We now present our main result for this section, which shows that zAb is consistent, derives

its asymptotic distribution, and establishes consistency of standard errors. Let

v=Efee] E[ael|Bfse]

denote the asymptotic variance of the OLS estimator in the infeasible regression of Y; on the

true latent 0; and q;. Also let
1 & T 1 & -
v=|[= ¢ ¢T - 2¢ ¢T - ¢ eT 9
(nZss) (n;ezsza n;ezg (9)
denote the covariance matrix estimator for the regression of Y; on éz and q;.
Theorem 1. Suppose that Assumption 1 holds. Then as n — oo:

1. The OLS estimator 1:b from regressing Y; on 0; and q; s consistent and asymptotically

normally distributed, but with a centering that may differ from zero:

A -1 Q2 0
Vil = $) =4 N (—HE[@@T e ol v) ; (10)
2. Two-step standard errors are consistent:
V-, V. (11)

Theorem 1 shows that two-step inference is invalid when x > 0. In this case, standard
errors are consistent but the asymptotic distribution is centered away from the origin due to
measurement error bias. As a result, confidence intervals based on the usual two-step strategy
have the correct width but incorrect centering, leading to coverage rates below nominal
coverage.?? The bias—and thus the degree of under-coverage—increases in x. Simulations

reported in Section 6 show that coverage distortions can be severe even for small values of x.

20We omit discussion of the case kK = 400 where measurement error dominates sampling error. In that
case, the coverage rates of standard OLS confidence intervals approach zero as n becomes large.
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Moreover, because measurement error can be nonclassical, it can be difficult to know even
the sign of the bias: there may be attenuation or amplification. These critiques apply to
inference on a as well as =, and are therefore relevant for researchers using unstructured
data to create control variables.

On the other hand, two-step inference is valid when x = 0. In this case, measurement
error is of smaller order than sampling error and can effectively be ignored. Here {p has
the same N(0,V) asymptotic distribution as the (infeasible) OLS estimator obtained by

regressing Y; on the true latent 6; and standard errors computed using 6; are consistent.

Remark 1. These implications contrast with a generated regressors problem, where the
asymptotic variance is inflated but there is no location shift. In the classical generated
regressor problem (Pagan 1984), the 0, depend on a common finite-dimensional parameter
that is estimated in the first stage. This across-observation dependence causes the term in (8)

to converge to a random variable rather than a constant, leading to the variance inflation.

Remark 2. Our asymptotic framework is related to an econometrics literature on “small”
classical measurement error (e.g., Chesher (1991)), in which the variance of measurement

error shrinks to zero at rate n=1/2

. Recently, Evdokimov and Zeleneev (2023) show how to
bias-correct GMM estimators in this context. Their approach imposes no structure on the
source of measurement error and uses instrumental variables to identify its variance. Our
setting is different: measurement error arises due to first-stage estimation of 8;, allowing us

to analytically characterize and correct bias without an instrument.

We now derive expressions for x and {2 in the running examples. We shall use these in

the next section to perform bias corrections.

4.1.1 Application 1: AI/ML-Generated Labels.

To mimic scenarios where high-performance classifiers are deployed at scale, we consider
a sequence of DGPs where the distribution of (Y;,0;,q;) is fixed but the distribution of
x;|(Y;, 0;,q;) varies with n so that x; becomes increasingly more informative about ;. For
brevity we present conditions for the case of a deterministic classifier: ; = 7(x;) for some
function 7 taking values in {0,1}. We treat 7 as deterministic, conditioning on the external
training data set where necessary. Appendix B.2 presents a more general treatment allowing

stochastic classifiers and multiple categories.

Assumption 2. (i) vnE[0;(1 —6;)] — k.
(it) E{[|qi||!] < oo, E[e}] < 0o, and E [&,€]] has full rank.
(iti) E[(éz —0;)q;] = 0.
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Assumption 2(i) is the key drifting-sequence condition. It says that the false-positive rate
E[6;(1 — 6;)] goes to zero at rate n~ /2 (or faster). This allows for the classifier to produce
misclassifications which individually occur with low probability, but whose cumulative effect
will be non-negligible relative to sampling error when s > 0. Assumption 2(ii) is standard.
Assumption 2(iii) says q; and the prediction errors 0,—0; are orthogonal. It is straightforward
to relax this condition; doing so will simply add nonzero off-diagonal terms in the bias
expression in (10) without altering our main point: the two-step strategy can lead to biased
inference. Finally, Assumption 2(iv) says the true regression errors ¢; are uncorrelated with
the AI/ML-generated prediction éz As ¢; and 6; are assumed uncorrelated, in effect this

condition simply requires that the prediction error 0; — 0; and ; are uncorrelated.

Theorem 2. Suppose that Assumption 2 holds. Then Assumption 1 holds and the OLS
estimator ¥ has asymptotic distribution given by (10) with x = lim, . /R E[0;(1 — 6,)] and

Q) = 1. Moreover, two-step standard errors are consistent.

4.1.2 Application 2: Topic Models.

In many modern empirical settings, there may be a large number of observations (large n)
and a large amount of unstructured data per observation (large C;). To mimic such scenarios,
we consider a sequence of populations in which the distribution of (Y;, q;, w;) is fixed and

the conditional distribution of (x;, C;) given (Y}, q;, w;) varies with n so that (6) holds and

VnE {Ci,] - K. (12)

Smaller values of k correspond to settings where there is a relatively more unstructured data
per observation, and hence relatively less measurement error. Also note that since C; enters
via its inverse, if most documents are large but a few are small, then x may still be large.
To simplify some expressions, in what follows we implicitly assume that the document size
C; is independent of (w;, q;, Y;). We also assume that x; and q; are independent conditional
on (C;,w;), and that ¢; and (x;,C;) are independent conditional on (w;,q;). In effect,
the latter two assumptions ensure the multinomial sampling error and regression errors
are uncorrelated. These assumptions seem very reasonable and can be relaxed: doing so
simply complicates the expressions below. We also slightly strengthen (5) to require that

Ele;(w;, q;)] = 0. That is, no relevant topic weights have been omitted from the regression.

Assumption 3. (i) /nE [CA} — K.
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(i) B has full rank.
(iii) \/n(B—B) =, 0.
(iv) nmaxi<i<, [|6; — S(BBY) ' B(x;/C;)|| =, 0.
(v) E[l|a;||!] < oo, Ee}] < 0o, and E [£,£]] has full rank.
(vi) C; 2

~J

(logn)'*¢ almost surely for some € > 0.

Assumption 3(i) is the key drifting sequence condition. Assumption 3(ii) says that none
of the topics are redundant. Bing et al. (2020), Wu et al. (2023), and Ke and Wang (2022)
show various estimators B converge at the optimal rate (nC)~'/2 (up to log terms) where,
for simplicity, all C; are of the same order C (i.e., C; < C'). Hence, their estimators all satisfy
Assumption 3(iii) when C' grows with n, as we have here by (12). Assumption 3(iv) imposes
some structure on the 91 to facilitate derivations. This condition is not vacuous: we have
0, = S(BBT)"'BE|[x;/C;|C;, w;] by display (6) and Assumption 3(ii). Hence, one could take
0, = S(BBT)'B(x;/C}), in which case Assumption 3(iv) trivially holds. Assumption 3(v)
is standard. Assumption 3(vi) is made to simplify arguments establishing consistency of
standard errors and can be relaxed. This condition trivially holds in view of (12) when all C;
are of the same order, since in that case C; > n'/2. We note that these conditions implicitly

assume B is identified. We defer discussion of identification to Appendix B.3.

Theorem 3. Suppose that Assumption 3 holds. Then Assumption 1 holds and the OLS
estimator ¥ has asymptotic distribution given by (10) with k = lim,_, /R E[C;Y] and

Q = S(BB") 'Bdiag(B"E[w;))B"(BB")"'S" —E [0,0] ] .

Moreover, two-step standard errors are consistent.

Remark 3. A conceptually related problem involves factor-augmented regressions. In their
simplest form, latent factors F; are imputed from a vector of N predictor variables x; using
PCA, then the estimated factors F, are used as covariates in a regression. Bai and Ng
(2006) show this approach leads to valid inference provided T /N — 0, where T is the
time-series dimension and N is the cross-sectional dimension.?! Their 7" is analogous to our
n, and, within the context of topic models, their 1/N is analogous to our E[C;']. Thus,
their condition v/T'/N — 0 is analogous to x = 0. Goncalves and Perron (2014) show that
if VT /N converges to a constant, analogous to x > 0, then there is a bias that shifts the
location of the asymptotic distribution. At an abstract level, Theorem 1 can be seen as
generalizing this finding to a broad class of scenarios. Our theory for AI/MIL-generated

labels and topic models is new and does not follow from these existing works.

21See Cahan et al. (2023) and references therein for the related problem of using factor models to impute
missing observations.
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5 How To Debias Inference

We now propose two methods for performing valid inference on v and a: (1) bias corrected
estimators and confidence intervals, and (2) joint estimation of the upstream and downstream
regression models. These are the approaches illustrated in the applications in Section 3.
Each method has its strengths and weaknesses. The bias correction is simple to implement
and scales well, but the formulas for the bias we develop are for particular settings. While
these encompass leading applications, they are not exhaustive, and other formulas will need
to be derived for other settings by specializing our general characterization of bias. Joint
estimation is more flexible and can handle cases where the general bias formula may be

difficult to specialize, but it is also more computationally demanding.

5.1 Bias-Corrected Estimators and Confidence Intervals

Theorem 1 shows that the asymptotic bias of the two-step estimator 17) takes the form

Q0

e A

P

We use this formula to construct bias-corrected estimators and confidence intervals (Cls) for
v and a. Given consistent estimators £ and Q of k and €, one can construct the following

bias-corrected estimators
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The first estimator z])bca performs an additive bias correction to the OLS estimator {p Sim-
ulations below show that this estimator performs well when the bias in 4 is relatively small.
The additive correction may not be sufficient when the bias in 12) is large, as it relies upon
IZ being a reasonable estimator of @. The bias corrected estimator z];bcm performs a more
aggressive (multiplicative) bias correction. We recommend this second estimator when the

bias in 1:b is expected to be large, provided the maximum eigenvalue of

-1
Bollg=s
w(ixee)
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is less than one in absolute value.?? We discuss how to consistently estimate x and  within
the context of our running examples below.

Bias corrected Cls for the regression coefficients are constructed by centering at the bias-
corrected estimators and using OLS standard errors. A valid 100(1 — a)% CI for the jth
component ; of 1 is given by

R Tj b 7;
CIn(¢J) - ch - Zl—a/2%7 ¢jc + Zl—a/Z% )
where 1[1;"3 denotes the jth entry of 12)1’0‘1 or 1:/)bcm, Z1_q/2 is the 1 —a/2 quantile of the normal
distribution (e.g., 1.96 for a 95% CI), and &; denotes the square root of the jth diagonal
entry of V from (9).
The following result shows that the bias-corrected estimators are asymptotically normal

with the correct centering, and the bias-corrected confidence intervals are valid:

Theorem 4 (Validity of Bias-Corrected Inference). Suppose that Assumption 1 holds, that
E[e2¢,£7) has full rank, and that i —, k and @ —, Q. Then as n — co:

1. Bias-corrected estimators are first-order asymptotically equivalent and asymptotically

normally distributed with the correct centering:
Vi ($7 — ) = v ($1° = %) + 0,(1) 5 N(0, V);
2. Bias-corrected confidence intervals have correct coverage:
lim Pr(y; € Clu(¢y)) = 1 —a.

We now show how to apply bias correction in the context of our two running examples.
In each case, we propose consistent estimators & and Q of x and . Theorem 4 then implies
that the bias-corrected Cls have correct coverage. We also recommend reporting i as a

diagnostic for assessing the relative importance of measurement error and sampling error.

5.1.1 Application 1: AI/ML-Generated Labels.

Here x = lim,,_ o \/ﬁE[él(l —0;)] and Q = 1. One may estimate x by taking a sample

of observations of size m < n. Then, each observation ¢ = 1,...,m for which 0, = 1is

. N1 €
22This condition ensures invertibility of (I — % (% L& §1T) [ {)2 g ]) .
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inspected, and assigned a true label #;. The estimator of k is
—_ —_ 1 m A
k= +vVnFPR FPR=— 0;,(1—6;).
k= /nFPR, — ; (1-6))

We establish validity of this approach allowing m/n — 0 asymptotically. This is important
for accommodating modern use cases where ML/AI methods are deployed to impute labels
on massive data sets (large n), but where correctly labeling data can be costly (small m).
For instance, Boxell and Conway (2022) impute binary labels representing political slant
for a corpus of millions of newspaper articles using a validation sample size in the tens of
thousands. Other approaches recently advocated in the literature for correcting measurement
error (e.g., Fong and Tyler (2021), Allon et al. (2023), Egami et al. (2023)) are shown to be
valid when m/n — ¢ > 0, so that the validation and original sample sizes are comparable.
As far as we are aware, the theoretical properties of these proposed methods are unknown
in modern scenarios where m/n — 0.

We emphasize that our approach does not require constructing a full validation sample
of size m (and thus performing costly inspection of all m observations), but only those for
which §; = 1. This can greatly reduce the burden on the researcher. For instance, in our
empirical application to remote work, we take a subsample of size m = 1000. Of these, only
26 observations have 6; = 1, so only 26 job postings need to be inspected. By contrast,
constructing a validation sample would require inspecting all m = 1000 observations.

Finally, our bias correction can be implemented using external data in which Y; and/or
q; are missing, since it only requires a subsample of 6; and 6;. This makes our approach more
broadly applicable than other methods that require a full validation data set. For instance,
Bursztyn et al. (2024) use a ML algorithm to classify a data set of charitable donors’ names
by ethnicity. As true ethnicity is latent, they estimate the accuracy of the classifier using
an external sample of North Carolina voter registration data which contains self-reported
ethnicity (but is missing data on charitable donations).

The following result shows that & is consistent, allowing m/n — 0.
Lemma 1. Suppose that /nE[0;(1 — ;)] = & > 0 and n/m? — 0. Then i —, k.

Consistency of & suffices for asymptotic validity of the bias-corrected Cls. However,
the estimation of & from a small subsample can introduce additional variability that, while
asymptotically negligible, may be important to account for in finite samples. To this end,

we introduce the following finite-sample correction to standard errors. Recall V from (9).
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Also let

-1
. 1~ s 10
=1 = Z €z EZT :
e 00
The adjusted covariance matrix estimators Vbea and Ve for @bca and 12)17”” are given by

Ve — (14 FPRT)V( + FPRTT) + FPR(l _ FPR)T (V + o )

Viem — (1— FPRT)'V(I - FPRIT) ! + ~FPR(1 — FPR)T (V + mLzZ;T> g
m

respectively. The form of these adjustments follows from the law of total variance. Under
the conditions of Theorem 1 and Lemma 1, we have Vbea —p V and Vbem —p V, with V the
asymptotic variance derived in Theorem 1. In practice, we recommend reporting standard
errors computed from V@ if using 9 or V™ if using tpem.

Codes to implement these bias corrections and standard error formulas are available in

the Python package ValidMLInference.

5.1.2 Application 2: Topic Models.

In view of the expressions for x and €2 derived in Theorem 3, consider
= Zc— Q = S(BB?)'B diag(B"@,)BY(BBY) 'S8T — Zo, T

where w,, = % > i, w;. The following result shows that these estimators are consistent.

Lemma 2. Suppose that Assumption 3 holds and that w, —, E[w;]. Then & —, k and
Q—, Q.

5.2 Joint Estimation

Our second approach for correcting the bias from the two-step strategy begins by formulating
a likelihood [ (Y}, h(x;),0; | 4;, vi, v, @, ). Here h is a function of the high-dimensional or
unstructured observables, v; are covariates that potentially enter the model beyond the
downstream regression, and ¢ are nuisance parameters. We discuss how to form a likelihood
below. Integrating the latent 6; out yields a likelihood I (Y}, h(x;) | i, vi, 7, &, ¢) depending
only on observables, which can then be used for maximum likelihood estimation of model
parameters. This idea can be applied generically, and here we adapt it to each of the three

applications in Section 3.
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5.2.1 Remote Work and Wage Inequality

In the remote work application, Y; is log posted wages, 6; € {0, 1} is an indicator for whether
job posting i offers remote work (6; = 1) or not (f; = 0), and x; is job posting text. We
use h(x;) = 6; € {0,1} and thereby formulate a likelihood over the predicted class label
associated with x; rather than over x; directly. No additional covariates enter the model so

v; is empty. The integrated likelihood is
(Y:,0; = d; (7,2, €)) = wan MN(Y; — v — &"qis A1) + wao MN(Y; — aqy5 Xo), (13)

for d € {0,1}, w = (woo, wio, wor, wi1) € A3 with we, = Pr(6; = a,0; = b), and MN(-;A) =
Zle Nd( -5 Auts Ap2) is @ mixture of normal distributions with L components and mixing
weights Ay,..., A\, € A7 where ¢(-; u, 0?) denotes the N(u,0?) density, and the compo-
nent means are normalized so that 327, A, = 0. Thus, here ¢ = (w, Ao, A;). We use
L = 3 for the results in Section 3.1.

5.2.2 CEO Time Use and Firm Performance

In the CEO time use application, Y; is log sales of firm ¢, §; € [0, 1] is a behavior index, and
x; is the vector of counts of time-use feature combinations across all surveyed 15-minute time
intervals. Here the likelihood is directly over x;, i.e. h(x;) = x;. In the spirit of correlated
random effects in panel data models, we specify a distribution for the behavior index #6;
conditional on .J covariates g;, which may include q; or other variables.?® The likelihood is
implied by
0; | (C;,qi,8:) ~ LogisticNormal ((ﬁTgi, 02) ,
x; | (6;,Cs, qi, &) ~ Multinomial (Ci, BTwi) , (14)
Yi | (6;,Ci, qs, &) ~ Normal (791‘ +a'q;, 052/) )

where w; = (1 — 6;,0;)". Bandiera et al. (2020) shows log employment and an indicator
for whether the CEO has an MBA are correlated with behavior, so we include these in g;
together with a constant. As the likelihood also depends on the number of observed time

units C;, we have v; = (C}, g;).

ZRoberts et al. (2014) presents a model in which a logistic normal distribution over topic shares is
parameterized by covariates but without a downstream regression. Blei and McAuliffe (2010) and Ahrens
et al. (2021) present models in which linear combinations of topic shares explain a normally distributed
response variable, but do not allow covariates to enter the distribution over topic shares.
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5.2.3 Central Bank Communication

In this application, Y; is the path factor in FOMC meeting ¢, 6; € [0,1] is the hawkish
sentiment of the FOMC written statement, and x; is the text of the statement. We take
h(x;) = (N;, C;) and form a likelihood over the number of paragraphs in FOMC statements
classified as hawkish (1V;) conditional on the total number classified as hawkish or dovish
(C;). We treat v; as empty, but our analysis could be extended to allow the prior for 6; to

depend on covariates. The likelihood is implied by

Ni | (0i, Cs,q;) ~ Binomial (Cj, (1 — 0;) 50 + 0:51) (15)
Y; | (6, Ci,q;) ~ Normal (’Yei + OthZ‘;Uizf) :

In addition, we include additional terms in the likelihood for the testing data:
Nig ~ Binomial(Nyg 4 Noo, 5o), Ni1 ~ Binomial(Ny; + Noy, B1), (16)

where N, is the number of test-set observations classified an a with true label .24

5.3 Inference Approach for Intractable Likelihoods

In certain cases, one can directly integrate-out 6; from the likelihood, as in (13). However,
in more complex problems, such as (14), there are two challenges. First, the integration for
computing the likelihood has no closed-form solution and must be performed numerically.
Moreover, this numerical integration must be done observation-by-observation. As such,
standard likelihood-based estimation may not be computationally feasible.

In such cases, one may use Bayesian computation to perform valid frequentist infer-
ence. In this approach, we introduce a prior for the model parameters § = (v, a, {) and
treat the latent 6; as “parameters” drawn from a prior distribution as illustrated above.
We sample from the posterior distribution of (4, (8;)"_,) conditional on the observed data
(Y:, h(x;),qi, vi)",. The marginal draws for § represent draws from the posterior distribu-
tion for & based on the integrated likelihood [ (Y}, h(x;) | i, Vi, v, &, ¢). Thus, 6; is implicitly
integrated of the likelihood as part of the sampling procedure.

It is important to emphasize that while our suggested approach uses Bayesian compu-
tation, inference is frequentist. The maximum likelihood estimator & of & is asymptotically

normal under standard regularity conditions (e.g., Theorem 5.41 of van der Vaart 1998). By

24111 the application, N11 = 14, NOO = 547 N10 = 17 N01 =1
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the Bernstein—von Mises Theorem (see Theorem 10.1 of van der Vaart 1998 and discussion),
the posterior mean 8 of § is first-order asymptotically equivalent to the MLE 5. Moreover,
the posterior distribution of & is asymptotically normal with mean § and variance (when
appropriately scaled with n) equal to the asymptotic variance of the MLE. As such, Bayesian
credible sets for elements of &—or any of its components such as v or a—are valid frequen-
tist confidence sets. This approach is also efficient for inference on § and its components,
as it is asymptotically equivalent to likelihood-based inference.

We implement this approach for the CEO time use and central bank communication
applications. For the former, we follow standard practice in the topic modeling literature
and use Dirichlet(0.2) priors for 3; and (3,. For the logistic normal prior for 8;, we set o7 = 1
and use a Normal(0, 4) prior for each element of ¢. We also use Normal(0, 100) priors for all
downstream regression coefficients, and a Gamma(1, 10) prior for oy.

For the central bank communication application, we use the same priors in the down-
stream regression. We use a Beta(2,5) prior for 5, and a Beta(5,2) prior for 8;. We adopt
asymmetric priors on the classification probabilities to resolve the label switching problem
inherent in topic models.

We perform sampling with Hamiltonian Monte Carlo implemented in NumPyro (Phan

et al. 2019). See Sacher et al. (2024) for more details on HMC and probabilistic programming.

6 Simulation Evidence

In this section, we provide simulation evidence illustrating the finite-sample performance of

our methods for correcting bias and performing valid inference.

6.1 AI/ML-Generated Labels

This simulation is calibrated to the remote work empirical application in Section 3.1. The
same contains 16,315 job postings. Bias-corrected estimates of the intercept and slope are
approximately 10 and 1. The residual standard deviation is approximately 0.3 (respectively,

0.5) for observations with 0, =0 (él = 1). We therefore generate data according to
Y; =10+ 6; + (0.3 + 0.26,)s;,

with g; ~ N(0,1). The sample mean of 6; is 0.025 and FPR = 0.009, which corresponds to
Kk~ 1.1. We draw samples of size n = 8,000, 16,000, and 32,000, with 6; ~ Bernoulli(p) for
p = 0.025, 0.05, and 0.5, and x = 0.5, 1, and 2, with 1000 simulations for each configuration.
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Table 4: Simulation Results: Generated Labels, p = 0.025

Bias RMdASE Coverage
K 0.5 1 2 0.5 1 2 0.5 1 2
n = 8000
2-Step -0.228 -0.459 -0.916 0.228 0.459 0.916 0.001 0.000 0.000
BCA-1 -0.055 -0.214 -0.843 0.076 0.214 0.843 0.899 0.589 0.000

BCA-2 -0.039 -0.203 -0.841 0.073 0.204 0.841 0.929 0.643 0.000
BCM-1 -0.003 -0.006 -0.715 0.091 0.170 0.806 0.887 0.758 0.265
BCM-2 0.023 0.030 -0.729 0.090 0.177 0.827 0.904 0.773 0.257

Joint 0.000 0.002 -0.008 0.045 0.056 0.111 0.935 0.930 0.817
n = 16000

2-Step -0.161 -0.323 -0.648 0.161 0.323 0.648 0.000 0.000 0.000

BCA-1 -0.028 -0.110 -0.423 0.058 0.111 0.423 0.884 0.794 0.049

BCA-2 -0.011  -0.097 -0.417 0.055 0.101 0.417 0.928 0.841 0.058

BCM-1 -0.001 -0.005 -0.012 0.071 0.110 0.303 0.874 0.832 0.542
BCM-2 0.024 0.024 0.037 0.070 0.114 0.313 0.915 0.851 0.548

Joint 0.002  0.002 0.002 0.030 0.034 0.055 0.952 0.951 0.897
n = 32000
2-Step -0.116  -0.231 -0.459 0.116 0.231 0.459 0.000 0.000 0.000

BCA-1 -0.022 -0.056 -0.214 0.048 0.069 0.214 0.878 0.859 0.505
BCA-2 -0.004 -0.040 -0.204 0.044 0.062 0.204 0.938 0.907 0.566
BCM-1 -0.009 -0.007 -0.015 0.055 0.085 0.165 0.874 0.868 0.735
BCM-2 0.014 0.019 0.022 0.054 0.085 0.168 0.927 0.896 0.758
Joint -0.002  0.000 0.001 0.019 0.024 0.027 0.950 0.952 0.957

Note: Median bias (Bias), root median square error (RMdSE), and coverage of 95% confidence intervals
(Coverage) across different £ and n. Results are presented for the two-step strategy (2-step), additive

bias correction using FPR (BCA-1) and F/‘,ﬁ%]g (BCA-2), multiplicative bias correction using F'PR
(BCM-1) and FPRp (BCM-2), and joint estimation (Joint).

We implement the two-step strategy, additive and multiplicative bias corrections, and
joint estimation. For the latter, we use the likelihood from (13) with a single Gaussian
component (L = 1). To implement both bias corrections, we generate a sample of (6, é,) of
size m = 1000. We use two estimators of the false-positive rate. The first is the empirical
frequency FPR = el S 0;(1 — 0;). We may interpret this as the posterior mean of r :=
E[éz(l — 6;)] under an improper r~'(1 — r)~! prior. This prior puts most of its mass at the
endpoints of the interval [0, 1]. However, our approach is based on the premise that r should
be small. We therefore consider a Bayes estimator @B = %, which is the

posterior mean of r under a proper r~'/2(1 — r) prior. Results are presented in Tables 4-6.
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Table 5: Simulation Results: Generated Labels, p = 0.05

Bias RMdASE Coverage
K 0.5 1 2 0.5 1 2 0.5 1 2
n = 8000
2-Step -0.116 -0.236 -0.469 0.116 0.236 0.469 0.019 0.000 0.000
BCA-1 -0.015 -0.058 -0.224 0.039 0.065 0.224 0.931 0.868 0.319

BCA-2 -0.005 -0.050 -0.219 0.037 0.060 0.219 0.956 0.893 0.335
BCM-1 -0.002 -0.005 -0.010 0.043 0.063 0.131 0.927 0.884 0.751
BCM-2 0.010 0.008  0.009 0.041 0.064 0.130 0.944 0.899 0.760

Joint 0.000 -0.003 -0.004 0.028 0.031 0.043 0.956 0.951 0.927
n = 16000

2-Step -0.081 -0.165 -0.332 0.081 0.165 0.332 0.018 0.000 0.000

BCA-1 -0.007 -0.031 -0.110 0.031 0.044 0.110 0.916 0.893 0.690

BCA-2 0.003 -0.022 -0.103 0.029 0.040 0.104 0.948 0917 0.719

BCM-1 -0.001 -0.004 0.000 0.033 0.048 0.090 0.910 0.886 0.817
BCM-2 0.011 0.008 0.014 0.034 0.049 0.088 0.938 0915 0.823

Joint 0.000 0.001 0.002 0.018 0.021 0.023 0.948 0.953 0.935
n = 32000

2-Step -0.059 -0.118 -0.236 0.059 0.118 0.236 0.006 0.000 0.000

BCA-1 -0.009 -0.015 -0.060 0.025 0.034 0.063 0.897 0.904 0.835

BCA-2 0.001 -0.006 -0.052 0.024 0.032 0.056 0.949 0.935 0.864

BCM-1 -0.006 -0.004 -0.005 0.027 0.041 0.065 0.892 0.902 0.871
BCM-2 0.005 0.008 0.008 0.027 0.039 0.062 0.938 0.929 0.880
Joint -0.001 -0.001  0.000 0.013 0.015 0.016 0.957 0.949 0.961

Note: Median bias (Bias), root median square error (RMdSE), and coverage of 95% confidence intervals
(Coverage) across different £ and n. Results are presented for the two-step strategy (2-step), additive

bias correction using FPR (BCA-1) and F/‘,ﬁ%]g (BCA-2), multiplicative bias correction using F'PR
(BCM-1) and FPRp (BCM-2), and joint estimation (Joint).

Our baseline set of simulations with p = 0.025 (Table 4) is very challenging: in a sample
of size 8,000, we expect only 200 observations with §; = 1. When x = 1 about half of
these will be incorrectly imputed with 6; = 0, and when x = 2 almost all will be incorrectly
imputed. In either case, we expect a very large bias of two-step estimators, and the results in
Table 4 confirm this, with large bias and zero coverage. Our bias corrections rely on the two-
step estimator having a bias that is of the same order as sampling uncertainty. One might
therefore expect they will perform poorly in small samples when two-step estimators are
severely biased. Table 4 shows this is not necessarily the case. Consider the configuration

with n = 16,000 and x = 1, which is closest to the empirical application. The two-step
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Table 6: Simulation Results: Generated Labels, p = 0.5

Bias RMdASE Coverage
K 0.5 1 2 0.5 1 2 0.5 1 2
n = 8000
2-Step -0.022 -0.045 -0.089 0.022 0.045 0.089 0.351 0.002 0.000
BCA-1 0.000 -0.002 -0.008 0.009 0.011 0.014 0.944 0.943 0.925

BCA-2 0.002  0.000 -0.007 0.009 0.010 0.014 0.957 0.956 0.937
BCM-1 0.000  0.000  0.000 0.010 0.011 0.016 0.942 0.941 0.925
BCM-2 0.002  0.002 0.002 0.009 0.012 0.016 0.954 0.949 0.932

Joint 0.000 0.000 0.000 0.008 0.008 0.009 0.944 0.956 0.954
n = 16000

2-Step -0.015 -0.032 -0.063 0.015 0.032 0.063 0.344 0.002 0.000

BCA-1 0.000 -0.001 -0.004 0.007 0.009 0.012 0.933 0.950 0.930

BCA-2 0.002 0.000 -0.003 0.007 0.009 0.012 0.956 0.955 0.950

BCM-1 0.000 0.000 0.000 0.007 0.009 0.013 0.931 0.944 0.935
BCM-2 0.002 0.002 0.002 0.007 0.009 0.012 0.950 0.949 0.945

Joint 0.000  0.000  0.000 0.005 0.005 0.006 0.947 0.944 0.960
n = 32000
2-Step -0.011  -0.023 -0.045 0.011 0.023 0.045 0.322 0.005 0.000

BCA-1 -0.001 -0.001 -0.002 0.005 0.007 0.009 0.919 0.920 0.927
BCA-2 0.001  0.001 0.000 0.005 0.007 0.009 0.955 0.948 0.938
BCM-1 -0.001  0.000 0.000 0.005 0.008 0.010 0.917 0918 0.921
BCM-2 0.001  0.002 0.002 0.005 0.007 0.010 0.951 0.943 0.931
Joint 0.000 0.000 0.000 0.004 0.005 0.004 0.943 0.932 0.943

Note: Median bias (Bias), root median square error (RMdSE), and coverage of 95% confidence intervals
(Coverage) across different £ and n. Results are presented for the two-step strategy (2-step), additive

bias correction using FPR (BCA-1) and F/‘,ﬁ%]g (BCA-2), multiplicative bias correction using F'PR
(BCM-1) and FPRp (BCM-2), and joint estimation (Joint).

estimator under-estimates the coefficient by about 32%, the additive bias corrections by
about 10%, while the multiplicative bias corrected estimators are approximately unbiased,
even in this challenging design. Indeed, the multiplicative bias correction appears to perform
well across all configurations except when n is smallest and s is largest.

Bias corrected confidence sets appear to under-cover by about 10% with n = 16,000 and
k = 1, but the results for n = 32,000 show their coverage moves toward nominal coverage
as n increases. Coverage is much closer to nominal coverage in the less challenging designs
with p = 0.05 (Table 5) and p = 0.5 (Table 6), even with small n. Coverage also seems to

be improved using the Bayes estimator FPR p instead of the empirical frequency.
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Finally, joint estimation produces approximately unbiased estimators across all designs,
including the most challenging cases. It also produces confidence sets with coverage closest
to nominal coverage and, as expected, the lowest risk of the competing approaches. Over-
all, these results demonstrate the sound performance of both our proposed solutions in a

challenging, empirically calibrated setting.

6.2 Topic Models and AI/ML-Generated Indices

These simulations are calibrated to the empirical application to AI/ML-generated indices in
Section 3.1. We draw a latent share 0; ~ U[0, 1] then generate N; ~ Binomial(C;, £16; +
Bo(1 —6;)) with 8; = 0.9 and 5y = 0.1 to introduce misclassification error. We set

Y, = —0.05+0.116; + 0.1¢;,

where g; ~ N(0,1) and parameters are similar to the estimates in the empirical application.
We generate samples of (Y;, N;, C;) of size n = 200 (as in the application), 800, and 3,200.
For n = 200 we use C; from the empirical application so that k = 4.57. We then increase C;
by a factors of two and four, to generate samples with x ~ 2.28 and x ~ 1.14, respectively.
For the larger sample sizes we replicate the empirical C; and multiply by factors of two and
four so k remains constant. We generate 1000 samples for each configuration.

We implement the two-step strategy, both bias corrections, and joint estimation. For
the latter, we use the likelihood described in (15). For the two-step strategy, we require
a suitable estimate of ;. We produce estimates based on the topic model representation
from Section 3 in order to account for potential misclassification error. To provide a clear
comparison with joint estimation, we use the estimates of fy and (7 from joint estimation,

then estimate 6#; in accordance with the discussion in Section 4.1.2, using

~

0; = max(0, min(1, S(B”)"(n,;/C}))),

52[1 0}, | M P . n; = N; .
1-81 1-5 Ci — N;

We also implement additive and multiplicative bias corrections using the formulas derived

where

for topic models with the S and B as above. Results are presented in Table 7.
First consider the bias results. In our baseline setting with n = 200 and k = 4.57 as in
the empirical application, the median relative bias of the two-step estimate of v is —0.446,

showing that the two-step strategy under-estimates + by nearly half. By contrast, joint
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Table 7: Simulation Results: AI/ML-Generated Indices

Bias RMdSE Coverage
K 4.57 2.28 1.14 4.57 228 1.14 4.57 228 1.14
n = 200
2-Step -0.446 -0.299 -0.180 0.049 0.033 0.022 0.309 0.677 0.839
BCA -0.148 -0.019 0.018 0.026 0.021 0.019 0.716 0.813 0.880
BCM 0.240 0.183 0.081 0.040 0.029 0.021 0.495 0.678 0.844
Joint -0.003  0.007 0.004 0.024 0.020 0.018 0.945 0.948 0.938

2-Step-Share -0.433 -0.218 -0.037 0.048 0.025 0.018 0.378 0.824 0.931

n = 800
2-Step -0.301 -0.193 -0.113 0.033 0.021 0.013 0.147 0.533 0.806
BCA -0.015 0.002  0.005 0.011 0.010 0.010 0.823 0.880 0.911
BCM 0.182 0.063 0.023 0.021 0.011 0.010 0.507 0.798 0.897
Joint 0.004 -0.006 -0.006 0.011 0.010 0.010 0.956 0.950 0.950

2-Step-Share -0.215 -0.041 0.084 0.024 0.01 0.012 0.507 0.942 0.894

n = 3200
2-Step -0.194 -0.110 -0.060 0.021 0.012 0.007 0.053 0.456 0.773
BCA -0.001  0.007  0.005 0.005 0.005 0.005 0.859 0.896 0.917
BCM 0.060 0.025 0.010 0.007 0.005 0.005 0.700 0.869 0.913
Joint -0.005 -0.002 -0.003 0.005 0.005 0.005 0.942 0.941 0.943

2-Step-Share -0.042 0.085 0.158 0.006 0.009 0.017 0.887 0.739 0.353

Note: Median relative bias (Bias), root median square error (RMdSE), and coverage of 95% confidence
intervals (Coverage) across different x and n. Results are presented for the two-step strategy (2-step),
additive and multiplicative bias corrections (BCA) and (BCM), joint estimation (Joint), and the two-
step strategy regressing onto the empirical share 6, = N; /C; (2-Step-Share).

estimates are nearly unbiased. The additive bias correction improves upon the two-step
strategy, producing an estimate about 85% that of the true effect size when x = 4.57, and
approximately unbiased estimates for smaller k. Conversely, the multiplicative correction
tends to over-estimate the true effect size, suggesting it performs too aggressive a bias cor-
rection in small samples. In larger samples, the additive correction produces approximately
unbiased estimates, and the performance of the multiplicative correction improves, especially
for smaller values of k. The second panel of Table 7 also suggests the additive bias correction
is preferred from a root median square error perspective, producing values that are on par
with joint estimation.

Turning to coverage, we see that the two-step Cls have coverage well below nominal

coverage, especially for larger values of n and k. Conversely, joint estimation produces Cls
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Table 8: Additional Results: Remote Work Application

No Fixed Effects With Fixed Effects
Estimate Std Err 95% CI Estimate Std Err 95% CI
BCA-1 0.897 0.119  [0.663, 1.131] 0.521 0.081 [0.362, 0.680]
BCA-2 0.910 0.124  [0.667, 1.154] 0.530 0.084  [0.365, 0.694]
BCM-1 1.052 0.140  [0.778, 1.327] 0.641 0.100  [0.446, 0.836]
BCM-2 1.088 0.148  [0.798, 1.379] 0.668 0.106  [0.460, 0.876]

Note: Results are presented for the additive bias correction using FPR (BCA-1) and FPRy (BCA-2),
and multiplicative bias correction using PR (BCM-1) and FPRp (BCM-2).

with coverage close to nominal coverage even for the smallest sample size. Coverage of the
additively bias-corrected Cls is significantly better than that of the multiplicatively bias-
corrected Cls which, in turn, is better than two-step coverage. For large n and small x, Cls

based on the additive bias correction have coverage close to nominal coverage.

6.3 Lessons for the Empirical Applications

We conclude this section by revisiting some of the empirical applications in light of the simu-
lation evidence presented above. First consider the application to remote work (Section 3.1).
The bias-corrected estimates reported in Section 3.1 are based on the multiplicative bias cor-
rection, which the above results showed performed best in simulations mimicking this design,
and the empirical estimate FPR. Results for the different bias corrections with different es-
timates of the false-positive rate are presented in Table 8. As before, estimated effect sizes
are larger for the multiplicative correction, and the multiplicatively corrected Cls are slightly
to the right of those using the additive correction. Additively corrected Cls overlap slightly
with two-step Cls reported in Section 3.1, while multiplicatively corrected Cls do not.

In view of the simulation evidence above for the topic model, the bias corrections reported
in Section 3.2 use the additive correction, but the multiplicative correction produced values
that agreed to within +0.01.

For central bank communication application in Section 3.3, we implemented the two-
step strategy using the empirical share 0, = N, /C; to estimate ;. Table 7 presents a set
of simulation results for this case as well. This share estimate is prone to two sources
of measurement error: misclassification error and upstream sampling error. The results in
Table 7 hold the former fixed and let the latter go to zero appropriately with the sample size.

Evidently, these measurement errors work in different directions. With small n and large ,2°

25Note that the x here is defined within the context of the topic model for the simulations in Section 6.2,
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upstream sampling error is more important. This is a “classical” measurement error that
causes attenuation bias. With n = 200 and x = 4.57, as in the empirical application, the
bias is comparable to that obtained by implementing the two-step strategy using the topic
model, underestimating the true effect size by around 43%. However, bias goes in a different
direction when n is large and « is small, so that misclassification error is more important than
upstream sampling error. For instance, with n = 3,200 and x = 1.14, two-step regression
onto shares now over-estimates the true effect size by around 16%. Correspondingly, the
two-step confidence interval has coverage well below nominal coverage.

An important take-away from these results is that the bias of two-step estimators us-
ing AI/ML-generated variables can behave differently than in classical measurement error

settings, making it difficult for researchers to determine even the sign of the bias.

7 Conclusion

The leading approach for analyzing unstructured or high-dimensional data follows a two-
step strategy. First, latent variables of economic interest are estimated using an Al-powered
information retrieval algorithm or other MLL method. Second, the Al- or ML-generated vari-
ables are plugged-in to downstream econometric models, and are treated as regular numeric
“data” for the purposes of estimation and inference.

This paper highlights, both theoretically and empirically, how measurement error intro-
duced in the first step leads to biased estimates and invalid inference for the downstream
regression coefficients. The degree of bias, and therefore the degree to which it distorts in-
ference, depends on the relative importance of measurement error and sampling error, but
it can be substantial in practice.

To address this problem, we propose two robust alternative inference methods: (1) an
explicit bias correction with bias-corrected confidence intervals; and (2) joint maximum
likelihood estimation. In a series of simulations and applications involving label imputation,
dimensionality reduction, and index construction via classification and aggregation, we show
that the two-step strategy produces material biases whereas both proposed methods perform

well.

where upstream sampling error is the only source of measurement error. An appropriate £ as in (8) for the
share variable 6; = N;/C; must account for both misclassification error and upstream sampling error.
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A  Proofs of Main Results

Here we present proofs of just the main results in the text. Proofs of additional results are
deferred to Appendix C.

Proof of Theorem 1. We first prove part 2. We have + 3", £er —, E[Q 5?] by Assump-
tion 1(ii). Result (11) now follows by Assumptions 1(i) and 1(iii) and Sltusky’s theorem.
To establish (10), first write

= Tl,n + T2,n-
It follows by Assumption 1(i)-(iii) and the Continuous Mapping Theorem that
T2,n —d N (07 V) .

For the remaining term, we have

1 L. ~ —-L TL éZéZ—OZT —r§2

— Zfz‘(ai —0,)"y = \{E Z:q,il (A )T7 —p T

\/ﬁ i=1 —Vn Zi:l ql(gl - 91) Y 0
by Assumption 1(ii). Hence,

1| Q
Tin—p —KE |:£z€zT] 07

by Assumptions 1(i) and 1(ii) and Slutsky’s theorem. ]
Proof of Theorem 2. This is a special case of Theorem 7. [

Proof of Theorem 3. Assumption 1(i) is implied by Assumption 3(v).
The second and third parts of Assumption 1(ii) hold by Lemmas 6 and 7 in Appendix C.
For the first part, we have

n

N EE =S (- &) D (-0 > T
i=1 ; i=1

i=1 i=1
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The third term converges in probability to E[¢,£7] by Assumption 3(v), while the first two
terms are o,(1) by Lemmas 6 and 7.

Now consider Assumption 1(iii). For the first part, we have

n 1 n A' )
N =t

We may deduce by arguments similar to those in the proof of Lemma 6 that

- 1 .
|| \/_ Z O — BBT) 'B (% Zpi5i> H —p 0
=1

by Assumption 3(ii)-(iv), where p; = x;/C;. Moreover, with p; = E[x;/C;|C;, w;], we have

E [5?| ’wu%} E [Hf)z - Pz’||2’ ’wi,qz'ﬂ
[ 2|’wi,q1} [ [Hf)i_pi||2‘wi7qiaci”wiaqiﬂ

E[g? ||I5i—Pz‘”2} [
[E
|: 2‘ w;, qz |:Cfitr {dlag(BTwZ) - BTwzszB}‘ w;, qz:|:|

E
E
E

E } 7 (diag(B"w;) — B"w,w/B)]| — 0,
where the first equality is by independence of (x;,C;) and ¢; conditional on (w;,q;), the
second is by iterated expectations, the third is by Lemma 4 in Appendix C and independence

of x; and q; conditional on (C;, w;), and the fourth is by (12) and independence of C; and

(Y;, q;, wl) Therefore, \/Lﬁ Z?:l (151 —pl)&, _>p 0 and so H \/Lﬁ Z:'Lzl éi&; — \/Lﬁ Z?:l EiEi _>p 0.
It follows by the central limit theorem and Assumption 3(v) that
1 g 24 ¢T
It remains to show = 7" £2¢.67 - [e2¢,€7]. To this end, first write
—Z”e -y e Ze (&85 - el
1=1
+ 21 i V& =Ty, + Ty, + T
(67 — &2 =: :
n 1n 2,n 3,n
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Evidently, T1,, —, E [2€;£] by Assumption 3(v). For T5,,, we have

Ty = | # o l(66
B Sy
zlz

Consider the upper-left block. We may deduce by arguments similar to those in the proof of
Lemma 6 that

—-0,07) 3", £2(6, — 6,)q”
6;)" 0 '

T
(; —

1 — ..
5263(9i9f—9i9f)—5(BBT < Zs (DD, pm?)) B"(BB")'S"
=1

by Assumption 3(ii)-(v). Since p;, p; € AV™!, we have ||p,p! — p,p! || < 2||p; — pil| and so

i I o
<2 15—l ) 34 0

I~ . .
~ 2 _cibp] —pipl)
=1

by Lemma 8 in Appendix C and Assumption 3(v). Now consider the off-diagonal blocks. By

arguments similar to those in the proof of Lemma 7, we have
Zs@qz i — 6) < Za ai(Bs )BT<BBT) ‘s’
by Assumption 3(ii)-(v). But note that

I~
Zezqu 0| < (s 19 - piu)ﬁgquqm%po

by Lemma 8 in Appendix C and Assumption 3(v). Therefore, T5,, —, 0.
Now consider T3 ,,. We have &; —¢; = ET(h — ) + (0; — 0;)T, where

—p 0,

max
1<i<n

&) < (o lal ) la - o

; (max (6, — S(BBT)"'Bp,)| + ||S(EBT)1B\I> 15 =l = 0

1<<

where the first term is by y/n-consistency of & and the fact that n=/4 max;<;<, [|qi|| =, 0
by Assumption 3(v), and the second term follows by Assumption 3(iv), consistency of 4,
1P|l < 1, and because ||(BBT)~'B|| = O,(1) by Assumption 3(ii)-(iii). Moreover,
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max |(0; — ;)| < ( max [|0; — S(BBT)'Bp,||

1<i<n 1<i<n

+1IS| | (BBT)"'B ~ (BBT)"'B| + | S(BB”) 'B| max [Ip: - pl-u) I

Consider the three terms in parentheses on the right-hand side of this display. The first two
terms converge in probability to zero by Assumption 3(ii)-(iv), and the third converges in

probability to zero by Lemma 8. Hence, maxi<;<, |&; — ;| =, 0.

Now, since
é? — 5? =2(& —ey)ei + (6 — 51’)27
we have n n
Ty, = %Z(SZ el + =3 (6 —e) & 8]
i=1 i=1
and so

R 1O & l12 A A g 2
Tl <2 (o =) 5 S I + (e —=it) 1 D16
1= 1=
~ 2 u - AfI’ ~ 2 1 i A AT
= max [& —eif | tr ﬁz;kz"&ﬁi + max |& el ) tr EZ;&Q —p 0,
1= 1=

because = 37" ;€T = O,(1) by control of T}, and Ty, which imply Ly e2¢. &7 =

1=1%1

Op(1), and £ 377 | £,€7 = 0,(1) by Lemmas 6 and 7, and Assumption 3(v). ]

Proof of Theorem 4. We first prove part 1. In the proof of Theorem 1, it was shown that
A A -1 -1 ~
<% Yo & £;‘F) —, E [éi £ZT] . Hence, by consistency of 4~ and €2, we have that

n

—1r
m(%gssﬂ [? g]%pw[sisﬂl ool (17)
Since the matrix on the right-hand side is finite, we have that
A " “1r .
H(xee) |0 o] o0
and so
fiee N Ta ol P~ ) 6 B
Calize) [Ga]) emlnee) [D0]roe
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because (I — A)™' =T+ A + O(||A|]?) as ||A|| — 0 and the inverse exists with probability
approaching one. Post-multiplying both sides by 9 gives that o™ = qhbea 4 O,(n™1).

Since both bias-corrected estimators are first-order asymptotically equivalent, it suffices
to analyze 1:bbc“. We have

Q 0
00

~

n —1
it =) = vitw -0+ 5 (13647 »
=1

The first term is asymptotically normal with mean and variance given by (10). For the

second term, Theorem 1 implies 1) —, 1, so it follows by (17) that

n -1 A o
(%Z&&T) [? g]aﬂpm[@eﬂ 1

=1

Q0
0 0

x>

.

Combining with (10) and using the continuous mapping theorem, we conclude that

V(P — ) =4 N(0,V),

as required.
Part 2. now follows from part 1., consistency of V, which was established in Theorem 1,

and positive-definiteness of V. [

Proof of Lemma 1. Let FP, := E[f;(1 — 6,)|x;, pi]. Since vnE[6;(1 —6,)] — & > 0, it is

enough to show that

FPR
— —, 1 18
S YT 1)
and I

= —p
E[0:(1 — 6;)]
We first show (19). By Chebyshev’s inequality, with probability at least 1 — C~? we have

< C\mE[0,(1 - 6))].

Zm:FPi —mE[6;(1 — 6;)]

for any C' > 0. But E[(él(l —0,))?] < E[él(l —0;)] because 0 < él(l —6;) < 1. Moreover, the
conditions v/nE[f;(1 — 6;)] — x > 0 and n/m? — 0 together imply mE[;(1 — 6;)] — +oo.

Setting C' = ¢, \/m E[éz(l —6;)] with 0 < ¢, < % and €, — 0 sufficiently slowly that C' — oo,
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we deduce that

‘ Zz;ll A _ 1‘ <e, (20)
mE[0;(1 — 6,)]

holds with probability approaching one. This proves (19).

Now consider (18). Conditional on (x;,q;)™,, each 6;(1 — 6;) are independent Bernoulli

random variables with success probability F'P;. By Chernoft’s inequality, for any o > 0 we
have -
FPR

P e
( IS FP,

Letting A,, denote the event upon which (20) holds, we then have

1| > 6

(xi, Qi)ﬁ1> < 9e— 0 it FPi/3.

FPR PR i i
+ Pr((xi, as)i2; € A7)
< 26*52(1*€n)mE[éz‘(1*9i)]/3 + PI‘((XZ', qz)?il c A;) N O,
since €, — 0 and mE[0;(1 — 6;)] — +o0. ]

Proof of Lemma 2. Consistency of Q follows by similar arguments to Lemmas 5 and 6, using

the condition w,, —, E[w;]. Moreover, by Chebyshev’s inequality, for any § > 0 we have
. _ 1 _
Pr (|& — vRE[C] ]| > 6) < E]E[Ci 2]

As C; > 1 and /nE[C; '] = k > 0, we have E[C; ?] < E[C; '] — 0. Hence, & —, k. ]
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B Additional Results and Discussion

B.1 Fixed-DGP Asymptotics

For completeness, here we study the large-sample properties of ’I:b as the number of observa-
tions grows (n — o), while the distribution of (Y}, &;, &)7, remains fixed. This fixed-DGP
framework approximates empirical settings with a large number of observations and a large

amount of measurement error per observation.

Assumption 4. (i) E[H&]P] < o0, andE[Eifﬂ has full rank.
(i) L300 &€ —, E[EZEZT} LS (6;—6,)(0:—6,)" —, H with H a finite non-random

’'n

symmetric matriz, %Z?:l(éz —0,)0" —, G with G a finite non-random matriz,
%Z?Zl(éz —0,)al —,0, and 237" | iei —p 0 asn — oo,

Assumption 4(i) is standard. Assumption 4(ii) requires that (éz, &, e;) satisfy some laws
of large numbers. Only the last two conditions in Assumption 4(ii) are substantive. They
ensure that the measurement errors él — 0; are uncorrelated with q; and the regression errors

g; are uncorrelated with éz asymptotically. Let A = H+ G + GT.

Theorem 5. Suppose that Assumption 4 holds. Then

oo (el [ 5 5]) (el

G O
e

Al



as n — 00, provided the inverse exists. In particular, if A and G are small,

(H+G")y

plim($) = v~ E[g.&T] Lo(lafmax{|AlLIGIH. (22

Theorem 5 shows that 7:[) is inconsistent due to measurement error in 6;. More construc-
tively, Theorem 5 shows that the measurement error bias is, to first order, proportional to
the precision of 6;. The matrix H represents the variance of measurement error, while G
represents the covariance of measurement error and 6;. In many cases, measurement error
is “classical” (H > 0, G = 0), but in “non-classical” settings, such as latent binary labels
(Aigner 1973), G # 0. Expressions for H and G in the context of AI/ML-generated labels

and topic models are derived in the following subsections.

B.2 AI/ML-Generated Labels

Here we first generalize the basic framework from Section 4.1.1 to allow for multiple categories
and randomized classifiers. Let the vector 8; = (9i7k),§:1 indicate membership of K +1 distinct
categories labeled 0,1, ..., K. Thus, if individual ¢ belongs to category k, we have 6, =1
and 6; ; = 0 for all j # k. Let py(x;) denote the true conditional probability Pr(6;; = 1|x;),
and let p(x;) = (pr(x;))E_,. If q; is relevant for predicting ;, then we implicitly treat q; as
a component of x; to simplify notation.

For the classifier, we introduce a function r(x;, - ) : [0,1] — {0,1}¥ and, for each obser-
vation ¢, a random variable U; ~ U|0, 1] drawn independent of (x;, q;, Y;, 8;) and all other Uj,
J # i, so that r(x;, U;)|x; ~ Multinomial(1, 7(x;)). Here m(x;) = (m.(x;))5_,, where 7 (x;)
denotes the probability that the classifier assigns label k given x;. This nests deterministic
classifiers, where r(x;,U;) = r(x;) = w(x;), with m,(x;) = 1 for at most one k € {1,..., K}
(with k& depending on x;) and 7;(x;) = 0 for all j # k.

B.2.1 Fixed-DGP Asymptotics

We first provide primitive conditions for the fixed-DGP case and derive expressions for the
corresponding asymptotic bias. The following assumptions are required to hold for a fixed

distribution of (Y}, q;, x;,0;)"_; as the sample size n becomes large.

Assumption 5. (i) maxi<i<, [|6; — r(x;, U;)|| =, 0.

(i) E i) < oo, E[(1 + lai)leil] < oc, and B [€,€7] has full rank
(iii) B [(7(x;) — p(x:)) q/] = 0.

() E[mw(x;)e;] = 0.

A2



A

Assumption 5(i) imposes minimal structure on the AI/ML-generated predictions 6;. It
allows the classifier to be pre-trained, in which case one should interpret the analysis as
holding conditional on the training sample. Assumption 5(ii) imposes standard moment and
rank conditions. Assumption 5(iii) requires the classifier’s prediction errors to be uncor-
related with the controls q;. As discussed in the main text, it is straightforward to relax
this condition without changing our main point. Finally, Assumption 5(iv) says that the

regression errors ¢; are uncorrelated with 7 (x;). A sufficient conditions is E[e;|x;, q;] = 0.

Theorem 6. Suppose that Assumption 5 holds. Then Assumption 4 holds and the OLS
estimator ¥ has probability limit given by (21), with

H = E [diag(w(x;) + p(x;)) — 7(x;)p(x;)" — p(xi)w(x;)" ],
G=E [W(Xi)P(Xi)T - diag(P(Xi))} :

If H and G are small, then first-order bias is proportional to
H+G'=E [diag(ﬂ'(xi)) — W(xi)p(xi)T} )

B.2.2 Sequence-of-DGPs Asymptotics

Consider the matrix H from Theorem 6. Misclassification rates for each of the K labels are

collected along the diagonal of H:
(H)gr = E[me(x:) + pr(xi) — 2me(x:)pe(x:)], k=1,..., K.
The first condition we require is that the sum of the misclassification rates vanishes:
tr(H) — 0 (23)

as n — oo. This condition requires that the true probabilities pi(x;) = Pr(6;x = 1|x;)
converge to zero or one (i.e., accurate prediction of 6; is possible given x;), and that the
differences 7y (x;) — pr(x;) converge to zero (i.e., the classifier produces correct labels).

We also place some structure on the false-positive rates. Let FP(x;) = Zle F Py(x;)
denote the total false-positive rate for individual i, where FPy(x;) = m(x:)(1 — pr(xi))
denotes the individual’s false-positive probability for label k. We require

lim /nE [diag(ﬂ'(xi)) — W(xi)p(xi)T} =k, (24)

n—oo
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where

Tim VnE[FP(x;)] =k >0, (25)
and
. E [diag<7"(xi)) - W(Xﬁp(xi)T} o
s E[FP)] - 29

assuming both limits exist. In words, x = 0 corresponds to a case where the false-positive
rate across all categories vanishes faster than sampling error. Conversely, x > 0 allows
the total false-positive rate to be the same order as sampling error. If there is a single
category (K = 1) then © = 1. More generally, Q quantifies the relative frequency with

which false-positives occur among the K alternatives.

Assumption 6. (i) Conditions (23)-(26) hold.
(ii) /nmaxi<i<, [|0; — r(x;, U)|| —, 0.

(iti) B [[|qs]|*] < oo, E[ef] < oo, and E [€,€]] has full rank.
(iv) VnE [(m(xi) — p(x:)) af | — 0.
(v) VnE[mw(x;)e;] — 0.

Assumption 6(i) formalizes the asymptotic framework. Assumption 6(ii) slightly strength-
ens Assumption 5(i) to require convergence at a faster-than-root-n rate. Assumption 6(iii)
is standard. Assumption 6(iv) and 6(v) weaken Assumptions 5(iii) and 5(iv). As before, it

is possible to relax these conditions without changing our main point.

Theorem 7. Suppose that Assumption 6 holds. Then Assumption 1 holds and the OLS
estimator ¥ has asymptotic distribution given by (10) with k given in (25) and Q given in

(26). Moreover, two-step standard errors are consistent.

B.3 Topic Models

Section 4.1.2 presented a set of results for the sequence-of-DGPs asymptotic framework.
Here we present a complementary set of results for the fixed-DGP case, before turning to a

discussion of identification of the topic model in our setting.

B.3.1 Fixed-DGP Asymptotics

As in the main text, we implicitly assume that the document size C; is independent of
(w;, q;, Y;). We also assume that x; and q; are independent conditional on (C;, w;), and that
g; and (x;, C;) are independent conditional on (wj;, q;). In effect, the latter two assumptions
ensure the multinomial sampling error and regression errors are uncorrelated. These assump-

tions seem very reasonable and can be relaxed: doing so simply complicates the expressions
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below. We also implicitly require that E[e;(w;, q;)] = 0. That is, no relevant topic weights
have been omitted from the regression. The following assumptions are required to hold for

a fixed distribution of (Y, q;, x;, w;, C;); as n becomes large.

Assumption 7. (i) B has full rank.
(ii)) B —, B.
(iii) maxi<i<, ||0; — S(BBT)"'B(x,/C;)|| = 0.
(iv) Ef||lq:||*] < oo, E[(1+ [las])|e:]] < oo, and E [&,&T] has full rank.

Assumption 7(i) says that none of the topics are redundant. Assumption 7(ii) says that
B is consistent, which is satisfied by many estimators for topic models including those of
Bing et al. (2020), Wu et al. (2023), and Ke and Wang (2022). Assumption 7(iii) imposes
some structure on the ;. This condition is not vacuous: 8; = S(BBT) 'BE[x;/C;|C;, w;] by
Assumption 7(i), so one could set 8; = S(BBT)"'B(x;/C;). Assumption 7(iv) is standard.

Theorem 8. Suppose that Assumption 7 holds. Then Assumption 4 holds and the OLS
estimator ¥ has probability limit given by (21) with
1

H=E {5} (S(BB")'Bdiag(B"E[w;|)B"(BB")"'S" —E[0,0]]), G=0.

B.3.2 Identification

Recall that we are sampling (x;, C;) according to the topic model (6) in either a fixed-DGP
setting (Appendix B.3.1) or from a sequence of DGPs in which the distribution of (x;, w;)|C;
is fixed but the distribution of C; is changing with n so that (12) holds (Section 4.1.2). In
either case, the sampling framework is one in which the number of observations n, and hence
the number of w;, is increasing.

This setting differs from recent works in econometrics that have studied identification. Ke
et al. (2024) and Freyaldenhoven et al. (2023) consider a fixed-n setting where each C; — oo
so that & —, p; := E|

g— C;, w;], the vector of multinomial probabilities for observation i.
In a fixed-n setting, identification concerns uniqueness of the factorization P = BTW with
P=[p...,p,) €AV )" W = [wy,...,w,] € (AK"H" and B € (AV"1)E_ conditional
on the n (fixed) sampled units.

Within a fixed-n context, identification of B is commonly achieved in text applications
by assuming the existence of anchor words that are known to appear in some topics but not
others. In essence, these amount to zero restrictions on elements of B.

In the fixed-DGP case we consider in Appendix B.3.1, anchor words are also sufficient

for B to be consistently estimable as n — oo and thus, by construction, identified. See,
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e.g., Bing et al. (2020), Wu et al. (2023), and Ke and Wang (2022). The same is true
for the sequence-of-DGPs case we consider in Section 4.1.2. But, in that case, we are in
effect sampling each true multinomial probability p;, since each C; is growing with n. Let
P C AV~! denote the support of p;.26 Then B is identified if it is the unique element of
(AV=HE for which {(BBT)™'Bp : p € P} C AX~!. Anchor words are sufficient for this,
but not necessary when the w; have rich support.

To see this, consider the following illustration within the context of the AI/ML-generated

index running example (Application 3 in Section 3). Recall that here we have

BT_[ ﬁl 60 ]’ 'wi_[ 91‘ ]
(L=51) (1= 5o) 1—0;

Suppose 6; has probability density function that is strictly positive on (0,1). Then P is the
convex hull of 3,1 — ;]T and [By, 1 — Bo]T. These extreme values of P identify 3, and S,

and therefore B is identified without anchor words.

C Supplemental Results and Proofs

Notation Let || - || denote the Euclidean norm when applied to vectors and the spectral

norm when applied to matrices. Let || - ||z denote the Frobenius norm.

C.1 Fixed-DGP Asymptotics

Proof of Theorem 5. First consider the denominator. We have

%ZEZ&T = % ZEZ‘&T + %Z(é% —&)(& - &)+ % Z(éz - &) + % Zfz(éz -&)"
i=1 i=1 1 i=1

i= i=1

1 - T %Z?:l(éz - 01)(& —-60,)" 0
=) &&+
i3 0 0
S UETAL D SR AT ]
0 0

L ) 91‘(‘?1‘ -0,)" 0 |
96— 6,)" 0

26In the fixed-n case which conditions on the n observed units, we have P = {p1,...,Pn}-

A6



Hence,

%ééﬁ? -, Eleer] +

H+W+WT o
0 0

by Assumption 4(ii). The right-hand side is finite by Assumption 4(i) and invertible by
assumption.

For the numerator term, we have

1 n_ 1 n 1 n X 0
E;QYQZE;ﬁiﬁfﬁfﬂ-ﬁz;(fi—&)ﬁflb%-ﬁ;gﬁi

i=

1S (6;—0,)07 L3 (6 —6,)a”
0

%Z}Y = (E[&isﬂ Lo g]) ¥

by Assumption 4(ii). The first result follows by Slutsky’s theorem. The second result then
follows because (A + Q)™ = A™' — A7'QA~' + O(]|QJ]?) for A invertible and Q small. m

1 n
=5;§-£?¢+

Hence,

C.2 AI/ML-Generated Labels

Proof of Theorem 6. Assumption 4(i) holds by Assumption 5(ii) and the fact that ||;]] < 1.
The first part of Assumption 4(ii) holds by the law of large numbers and the fact that
E[||&:]]?] < co. For the second part, by Assumption 5(i) and the law of large numbers,
1< A r 1o T
- D (6= 0)(6: - 0,)" = = (x(xi, Ui) — 0,)(x(xi, Us) — 6,)" + 0,(1)
i=1

n“
=1

—7p E [(I‘(X,‘7 U,) — 0,;)(1'(){2', Uz) — OZ)T}
= E [diag(7 (x;) + p(x)) — w(x:)p(x:)" — p(xi)7(x;)"] =: H,

where the final line is by independence of 6; and r(x;, U;) conditional on x;. Similarly, for

the third part, we have

n

1< 1
- > (6:—6,)6] = - > (x(xi, Ui) — 687 + 0,(1)
i=1

i=1

—, E [(r(x;,U;) — 6,)0]] = E [ (x;)p(x;)" — diag(p(x;))] = W.

AT



For the fourth part, first note that

1~
- > (6 —r(x;, Ui)a
=1

~

0, —r(x;,U,

< max

1<i<n

X —lequ —p 0

by Assumption 5(i)-(ii). Then by Assumption 5(ii)-(iii) and the law of large numbers,

%Z(r(xm U;) — 6,)a; —, E[(v(x;,U;) — 6;)q; ] = 0.

=1

For the final part of Assumption 4(ii), first note

n 1 n A
125-6- _ | a2 O
n e 1 S Qs

i=1 n i=1 Qi<

where - =3 0 1 di€i —p 0 by the law of large numbers and Assumption 5(ii). Moreover,

< max ||0; — r(x;, U,
1<i<n

%Z (9i—r(xi,Ui)> X _Z|EZ| —p 0

i=1

by Assumption 5(i)-(ii). Finally,

n

LS v, Uper =y Efr(xi, Upei] = E[m(xi)ei] = 0

n <
=1

by the law of large numbers, independence of r(x;, U;) and ¢; conditional on x; (for the first

equality), and Assumption 5(iv) (for the second equality). ]

Lemma 3. Let z; be a random vector with finite fourth moment and let Assumption 6(ii)

and (23) hold. Then

% S (76, — 0)7 — B [ai(x(x..U) — 6)7]) =, 0.

Proof of Lemma 3. First note that

6,7 - % > e V) - 67

< vn max [16; — r(x;, Us)]| % —Z 12l = 0,
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by Assumption 6(ii) and the fact that E[||z]|] < co. Now let X;,, = z;(r(x;, U;) — 0;)" —
E [zi(r(xi, U;) — Oi)T}. With D denoting the dimension of z;, we have

= ZD: i E [(in)jk}

1
E i Xi,n
\/ﬁ ; F 7j=1 k=1
D K
< Z Z]E [(Zu> (re(xi, Us) ink)ﬂ
7=1 k=1
b X 1/2 1/2
<D E[)] U E [(rdxi U) — 0i0)']
j=1 k=1
K 2
< constant x Z]E [(rr(xi, Us) — Qi,kﬂ R 0,
k=1

where the second inequality is by Cauchy-Schwarz, the third is because E[||z;||*] < oo
and 74(x;, U;) — 0, takes values in {—1,0,1}, and convergence to zero is by (23) because
E [(rk(xi, U;) — Qiﬁk)Q] = (H)j . The result now follows by Chebyshev’s inequality. n

Proof of Theorem 7. Assumption 1(i) holds by Assumption 6(iii) and the fact that ||8;]] < 1.

We now verify Assumption 1(ii). First by Lemma 3 and Assumption 6, we have

2= 30— 0)aT = =3 (0= 0)a ~ El(m(x) —p(x)all) =, 0. (25)

which establishes the final part of Assumption 1(ii). Similarly, by Assumption 6(ii),

Hence, it follows by Lemma 3 and (24) that

—p 0.

1 < . . 1 & R
= 6,0, — 0,)" — — r(x;, U;)(60; — ;)"
7 2 OB = 0)7 = =3 el )6 = 6)

=1

which establishes the second part of Assumption 1(ii). For the first part of Assumption 1(ii),

we note
n

I EE =S - &)+ D -G > T
=1 =1 i=1

i=1
Displays (28) and (29) together imply that the first term on the right-hand side is asymp-
totically negligible. Moreover, %Z;;l e —, E [EiEiT } by the law of large numbers and
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Assumption 6(iii). It therefore remains to show that the second term on the right-hand side

of the above display is asymptotically negligible. In view of (28) it is enough to show

n
=1

By Lemma 3,

n

% > 0.6~ 00" — E [6:(x(x,,U7) — 0,)"]
where E [6;(r(x;, U;) — 6,)7] = E [p(x;)m(x;)" — diag(p(x;))] — 0 by (23), noting the diag-
;) — 1)] where 0 < E[pg(x;)(1 — mi(x;))] < (Hgx) — 0 and the
x;)], where 32, Elpr(xi)m;(xi)] < Elpe(xi)(1 — mk(x3))] — 0.

This completes the verification of Assumption 1(ii).

—p 0,

onal entries are E[py(x;)(m(x

off-diagonals are E[py(x;)7;(x

Now consider Assumption 1(iii). For the first part, we have

1 &z | 66
%;(ﬁi—&)& = [ ve 0 ] :

Note that \/nE[(r(x;,U;) — 6;)e;] = v/nE[m(x;)e;] — 0 by Assumption 6(v) and the fact
that E[e;0;] = 0. Hence, by Lemma 3 using Assumption 6(ii)-(iii), we have

\/_Z €Z—>p0

It follows that \/%7 S e = \/%7 Yoy &ei + 0p(1). The first part of Assumption 1(iii) now
holds by the central limit theorem and Assumption 6(iii).

To complete the verification of Assumption 1(iii), we start by writing

1 = .92 2 1 & 1 & s
SO DA NAEIRD DA A S (A A
i=1 1=1 =1

1 A -
+ — 2(822 — 63)515? = Tl,n + TQ’n —+ Tgm,

n -
1=

where Ty, —, E [£2€,£]] by Assumption 6(iii). To show Ty, —, 0, it suffices to show

I o (h 5
Tyan =~ Zl =2 (6,67~ 6,61) =, 0, (30)

A10



and

1< ; T
T2,b,n = H ;512(]@ (01 — 01) —p 0. (31)

For T , ,, we may first deduce by Assumption 6(ii)-(iii) that

Tzan——25 r(x;, Uy)r(x;, U;)" —91-9;[) —, 0.

Then since 6,0] = diag(0;) and similarly for r(x;, U;), we have by Cauchy—Schwarz that

n 1/2
(Ze) (%Znﬂxi,m—eﬁu?) ,

where the first term on the right-hand side is O,(1) by Assumption 6(iii) and the second
term is 0,(1) because E [||r(x;, U;) — 6;*] = tr(H) — 0 by (23), proving (30). For Ty, ,,, we
may similarly deduce by Assumption 6(ii)-(iii) that

ZEE Xl, Z' X7,7Ui) 0 OT

Tan__Zg qz Xza i OZ)T _>p0~

Then by Holder’s inequality, we have

Zgz qz Xl? i Hl)T

Lo 1/2 Lo 1/4 1 174
< (;Zs?) (;Zw) (EZMX@U@) —ez-n‘*) -
i=1 i=1 =1

The first two terms on the right-hand side are O,(1) by Assumption 6(iii). For the third
term, note that ||r(x;,U;) — 6;||* < 4f|r(x;, U;) — 6;]]* because ||r(x;, U;) — 04])* € {0,1,2}.
Hence, the third term is 0,(1) by (23), proving (31).

Finally, note £2 — &2 = (74 — €79)2 + 2¢,(&74 — £74p). Hence, to show Ty, —, 0, it

suffices to show

Tyani= = S (Y~ EBPEE =0 (32)
=1
and N
Ty = > €l — ETH)EET 5, 0. (33)
=1
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By Holder’s inequality, we have

1 1/2 L 1/2
ol < (33er-eror) (Fier)
=1

i=1

and
n

. Vi g V2 /0 1/4
Typal < (5 (v - £?w>4> (5 > ||si||4> (5 Zs?) ,
i=1 i=1 i=1
where L3 |&]* = O,(1) and L3 &f = 0,(1) by Assumption 6(ii)-(iii). Moreover,
ETqp — €T4h = (0; — 0;,)T~ + €T (p — 9p). Then, since (a + b)* < 8a* + 8b*, we have

8 o . .
—Z el — €1y ( ZHO —0||4> It + (EZ”&W) I — a||*,
=1

where the second term on the right-hand side is 0,(1) by consistency of {p and the fact that
Ly |&|* = O,(1), as established above. For the first term on the right-hand side, we
have £ 5" |6 —g|* =1 L3 16; —r(xi, Us)||* +0p(1) by Assumption 6(ii). Then arguing
as above we have = 3" ||, — r(x;,U;)||* —, 0, proving (32) and (33). ]

C.3 Topic Models

Throughout this section and the next, let p; = Z and p; = E[Z |C’Z,wz] The next two
lemmas apply in both fixed-DGP and sequence-of- DGPS frameworks.

Lemma 4. Suppose that (6) holds. Then

E [f%f’ﬂ Ci, ’wz} =B w,w/B + L (diag(BTwi) - BTwiwiTB) )

&
and
E [(f)Z —pi)(Di — pi)T| C;, wi} = 6 (dlag(B i) — BTwZ-'wiTB) )
Proof of Lemma /. First note by (6) that
R 1
= 0%2 <IE (%] i, wi] E [x;] s, wi)" + Var [x;| G, w,])
= B w,w!B + 1 (diag(B"w;) — B w,w; B),

C;

A2



where the last line follows from the mean and variance of the multinomial distribution. The

second result now follows because E [p;| C;, w;]| = p; = BTw;. n

Lemma 5. Let Assumption 7(i)-(iii) hold. Then

Ze E [6,67]

-E [il (S(BB") 'Bdiag(B"E[w;|)B"(BB")"'S" —E [0,0]]) H —p 0.

C;

Proof of Lemma 5. In view of Assumption 7(iii), we have

n

Ze S(BBT)"'B (% d>p AT) B7(BB?)~'s”

i=1

where (BB”)~! exists with probability approaching one by Assumption 7(i)-(ii). Each el-
ement of p,p! is bounded between 0 and 1, so we may deduce by Chebyshev’s inequality

that
e~ . o
= "p.p; —E[p;p/]
n =1

Hence, by Assumption 7(ii) and Slutsky’s theorem, we have

'—>p0.

Ze S(BB”)"'BE [p,p!| B (BB”)'S”

The result follows by Lemma 4 and independence of C; and w;. [

Proof of Theorem 8. Assumption 4(i) holds by Assumption 7(iv) and the fact that 8; = Sw;
where w; takes values in AK=! hence [|0;]| < 1.

The first part of Assumption 4(ii) holds because E[||€;||*] < oo. For the second part, we

—Zo E [6,67] +

0,607 -, E [0 OT}. To complete the proof of the second,

=1 "1

have

by Lemma 5. Further, £ 3"
third, and fourth parts of Assumption 4(ii), it suffices to show that

—Z -0, -, 0 (34)
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To this end, in view of Assumption 7(iii)-(iv), we have

1Yo w13 ne)

. R 1 —
< 0, — S(BBT)"'Bp; — i
< (1 10, SOBB7)1Bpi ) < 13716l 0

1<i<n

Note (BBT)"'B —, (BB7) !B by Assumption 7(i)-(ii), and 13" p. &7 = O,(1) by
Assumption 7(iv) and the fact that |p,&7|| < ||&:]]. Hence,

s 8, S0 ) s (S )|

< |IS|||BBT)'B - (BB")'B| x

1 .

Finally,

n

_ I . I
S(BB')"'B (521)@-5? ) - E;M?

=1

But

n

%Z(fh —p)el =, E[(p, —p)eT] =0

i=1
by independence of x; and q; conditional on (C;, w;), and the fact that E[p;|C;, w;] = pi.
This proves (34), from which we also conclude that G = 0.

To verify the final part of Assumption 4(ii), first note

1 . 1 " éi&
LS e = | p b (35)
i m 2uic1 Qi
where = ™" | q;e; —, 0 by Assumption 7(iv). Moreover, by Assumption 7(iii)-(iv), we have
1\~
— 01 z'_ BBT 1€1q

We also have (BBT)"'B —, (BB”)"'B by Assumption 7(i)-(ii). Moreover, Assump-
tion 7(iv) and the fact that p; takes values in the simplex imply that E[||p;s;||]] < oo.
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Hence,
1. .
E Z pici —p E [Pz‘&‘] =0
i=1

by independence of (x;,C;) and ¢; conditional on (w;, q;), and Ele;(w;, q;)] = 0. ]

C.4 Additional Results for the Proof of Theorem 3

Lemma 6. Let Assumption 3(i)-(iv) hold. Then

% i 0,(0;, — 0,)" —, —k (S(BB”) 'Bdiag(B"E[w,))B"(BB")"'S” —E[6,67]).

Proof of Lemma 6. First note that H 7 Yoy Z( @l)T —Tp—Ts,

tion 3(iv), where

T., = S(BBT)"! (( Zplpz) (BT(BBT) BT(BBT)1)> ST

Ty, = S(BBT)™! ( sz s ) BT(BBT)"!sT.

—p 0 by Assump-

Assumption 3(ii)-(iii) implies that /n(BT(BBT)~' — B"(BB”)"!) —, 0. Moreover, as
1+ >0 p;p!]| <1, it follows that T, —, 0.
For term 75 ,,, note by Lemma 4 that

E [131' (Pi — Pi)T] =K [(f’z —pi) (Di — pi)Ti|

—E lci} (diag (B"E [w;]) — B'E [w,w]]| B) . (36)

Let X; = p; (i — pi) — E [f)Z (Pi — Pi) } Then with || - || denoting the Frobenius norm,

where the second inequality is because p; is in the simplex and the convergence to zero holds
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in view of (12) and (36). It follows that

—p 0.

prl i )" — VAE b (pi — )" |

We conclude that T, —, —r (S(BB”)"'Bdiag(B"E[w;])B”(BB”)*S” —E[0,6]]) by
(36) and Assumption 3(i)-(iii) ]

Lemma 7. Let Assumption 3(i)-(v) hold. Then

1 & X
7 > &(0:-6,)" —,0.
=1

~

Proof P80, —0) -1, — Ty,

tion 3(iv)-(v), where
<( Zg pz) (BT(BBT) BT(ﬁBT)—1)> ST

Ty = <\/—Z§ p; >BT(BBT) 1S,

—p 0 by Assump-

Assumption 3(ii)- (iii) implies /n(B”(BB”)"! — B"(BB”)"!) —, 0. We also have that
250 &P < 2570 1&ll = O,(1), by Assumption 3(v). Hence, Ty, —, 0. For Tb,,
note that E[&;(p; — p;)?] = 0 by independence of x; and q; conditional on (Cj, w;) and the
fact that E[p;|C;, w;] = p;. Let X; = & (p; — pi)T and let D denote the dimension of &;.
Then

1
E|||l— X;
\/ﬁ zz:; F j=1 k=1 Jj=1 k=1
D Vv g 12
< Z ZE [(Ew) |"E [(Pig — Pik)’]
j=1 k=1
Y 1/2
< constant x ZE [(f)zk — pi,kﬂ / — 0,
k=1

where the first inequality is by Cauchy-Schwarz, the second is by Assumption 3(v) and the
fact that |p;x — pix| < 1, and convergence to zero is by (36) and Assumption 3(i). It follows
that \/iﬁ > X; =, 0. We conclude by Assumption 3(ii)-(iii) that 75, —, 0. ]
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Lemma 8. Let Assumption 3(vi) hold. Then

nax [pi — pill = 0.

Proof of Lemma 8. Let || - ||; be the ¢! norm. As C;p;|(C;, w;) ~ Multinomial(C;, p;), for

all ¢ > 0 we have

(G ) 111) <307~ e {_Cf}

i=1

Pr (max |pi — pill1 >t

1<i<n
by the union bound and Lemma 1 of Mardia et al. (2019). Then by Assumption 3(vi),

1 1+et2
Pr (max lDi — pill1 > t) < n(2v —2)exp {—%} ,

1<i<n

where ¢,e > 0. Hence, maxj<;<, [|Pi — Pill1 —p 0. The result now follows because the ¢!

norm is weakly greater than the Euclidean norm.
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